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Abstract. The ADHM construction establishes a one-to-one corre- 
spondence between framed torsion free sheaves on the projective plane 
and stable framed representations of a quiver with relations in the cate- 
gory of complex vector spaces. We construct an algebraic moduli space 
of stable framed representations of the same quiver with relations in 
the abelian category of coherent sheaves on a smooth complex pro- 
jective variety X. If Jf is a curve, we prove that this moduli space 
is virtually smooth and related by relative Beilinson spectral sequence 
to the curve counting construction via stable pairs of Pandharipande 
and Thomas. This yields a new conjectural construction for the local 
Donaldson- Thomas theory of curves as well as a natural higher rank 
generalization. 
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1. Introduction 
An ADHM quiver Qadh m is a quiver of the form 

(1-1) e.^^J^^»eoo 

with one relation specified by the hnear combination of paths 
(1.2) 0102 — 0201 + cb. 

ADHM sheaves are framed twisted representations of an ADHM quiver in 
the abehan category of coherent Ox-modules of a smooth projective variety 
X over C. The twisting data consists of two invertible Ox-modules Mi, M2, 
while the framing data consists of a locally free Ox-module E^o (see (12. ip 
for a precise definition.) In order to keep the notation short, we will denote 
by X the data {X, Mi, M2, Eoo)- 

Motivated by BPS state counting problems in string theory, in this paper 
we study the geometry of the moduli space of ADHM sheaves on smooth 
projective varieties, and their relation to relative Beilinson monads for pro- 
jective plane bundles over curves. Note that quiver sheaves have been pre- 
viously considered in the literature in [U [Sj [30l [67l [H] . In particular ADHM 
sheaves have been previously studied in [67] in relation to the relative Beilin- 
son monad for noncommutative surfaces over curves. A similar relation be- 
tween quiver sheaves and relative Beilinson monad has been employed in 
the context of integrable systems in [11]. Moduli problems for such objects 
have been also previously considered in [BH [29l EU [5], as well as [TT]. We 
will later elaborate on the relation between some of the above papers and 
the present work. Let us first present out main results. 

Let X be a smooth projective variety over C equipped with a very ample 
line bundle Ox(l)- We will consider ADHM sheaves subject to a stability 
condition (j2.2p . A routine argument shows that flat families of stable ADHM 
sheaves with fixed Hilbert polynomial P on X form a fibered groupoid p : 
^adhm{'^ , P) — > © over the category S of schemes of finite type over C 
(proposition 13. 2p . In section ()3.2p we prove our first result. 

Theorem 1.1. The groupoid DJtADHAli'^ , P) is a separated algebraic space 
of finite type over C . 

Remark 1.2. Since ^Madhm{X , P) is an algebraic space, it is isomorphic 
to its coarse moduli space constructed in [42]. Throughout this paper we 
will identify dJlADHM^'^ iP) with its coarse moduli space. In particular for 
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US a K -valued point of TlADHAii'^ , P) for some field K over C will he an 
isomorphism class of stable ADHM sheaves on Xk = X x spec{C) Spec{K). 

Remark 1.3. (i) Note that the stability condition [ii) in \2.S\) is very similar 
to the nondegeneracy condition formulated in |67l Thm 3.1]. However the 
later disallows all proper subsheaves E' G E satisfying the conditions listed 
there, not only the saturated ones. It will become clear in section ^ that this 
difference has important consequences for applications to local Donaldson- 
Thomas theory. 

(ii) The stability condition h2. 2\) is in fact the asymptotic form of a 
GIT stability condition for ADHM sheaves analogous the stability condi- 
tions introduced in [65l [29l [66] . Moreover, using standard GIT techniques 
[56l [39l [38l [65} [29l [66] one can prove [22] that the coarse moduli space of 
ADHM sheaves is in fact a quasi-projective scheme over C. This is a nat- 
ural generalization of previous work on moduli of decorated sheaves which 
includes |68l [T5| \T7\ [T3l [T^ [T6] . However the proof is very technical, and 
the construction of the moduli space as an algebraic space suffices for our 
purposes. 

Remark 1.4. Note that the proof of theorem also provides a presen- 

tation of the moduli space dJlADHAii'^ , P) as a quotient stack R/G where R 
is a quasi-projective scheme over C and G = GL(N, C) for some N € Z>o. 
Moreover, there exists a natural G-equivariant universal family of stable 
ADHM sheaves Er on R x X . 

Next, suppose X is a smooth projective curve of genus g over C. Our 
next result establishes equivariant virtual smoothness of the moduli space 
of ADHM sheaves with respect to a natural class of algebraic torus actions. 
In this case the Hilbert polynomial of an ADHM sheaf £ is determined by the 
rank r € Z, r > 1 and the degree e G Z. We will denote by TlADHAli'^ , r, e) 
the moduli space of stable ADHM sheaves on X with fixed (r, e) . 

Theorem 1.5. Suppose X is a smooth projective curve over C and suppose 
there exists a torus action T x TlADHAii'^ , r, e) dilADHMi''^ ■, r, e) induced 
by a T-action on the smooth quasi-projective atlas R so that the universal 
family is T -equivariant. Then the moduli space '>ISIadhm{'^ ■,r.,e) has a 
T -equivariant perfect tangent- obstruction theory. 

Here we employ definition |47[ Def. 2.1] for a perfect tangent-obstruction 
theory of a Deligne-Mumford stack. Theorem (|1.5p is proven in section (j5.2p . 

Note that there are natural algebraic torus actions on dJlADHM^'^ ^ P) sat- 
isfying the conditions of theorem (jl.Sp presented in examples ()3.12p , (IS.lSp . 
Proposition ()3.15p shows that if X is a smooth projective curve, the fixed 
locus 9Jt(A', r, e)^ of the torus action defined in example (jS.lSp is a projec- 
tive scheme over C. Then theorem (jl.Sp . proposition (|3.15p and [31] yield 
the following corollary, which is also proved in section (|5.2p . 

Corollary 1.6. Let X be a smooth projective curve over C and E^^ = 
©a=i-^a 'fjhere Too G Z, Too > 1 and La, a = l,...,roo, are line bundles 
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on X. Let T x TlADHAii'^ ,1", — ^ADHM{'^,r,e) be the torus action 
defined in example Ii3.13\) . Then the fixed locus dJlADHM{'^,r,e)'^] is a 
projective scheme over C equipped with a virtual cycle [dytADHM{'^,r,e)'^] 
and a T-equivariant virtual normal bundle ,^ nt /m> iv \ 

defined as an element of the K-theory of coherent locally free sheaves on 
^ADHMi'^,r, e)^. 

Corollary (ll.6p allows us to define an equivariant ADHM theory of curves 
by analogy with [TBI EH] • 



Definition 1.7. Suppose X is a smooth projective curve over C and E^^ = 
(B^^iLa where Too € Too > 1 ci^d La, a = 1, . . . ,roo, are line bundles on 
X . Let T X f-, e) — > '^adhm{'^ ■, r, e) be the torus action defined 

in example Ii3.13\) . Then the rank r equivariant ADHM theory of the data 
X = (X, Mi,M2,Eoo) is defined by 

ZADHM[X)r{q) = 

(1-3) f ^ I 

where e'viN^ ,^ xt /cm iv C) is the 'Y- equivariant Euler class o^ 

<mADHM{^,r,e)'- /mADHM{X,r,e)^ ^ ■> 

lyrvir 

'^mADHM{X,r,e)'^/mADHMiA;,r,e) ' 

Remark 1.8. Note that the partition function (|1.3p is a natural gener- 
alization of the instanton counting function defined in [5l] to the relative 
setting. One can also generalize the K-theoretic partition function of [55] to 
the relative setting relying on corollary \1.0^) and the results |19^ [25] . The 
K-theoretic ADHM theory of curves will he treated elsewhere. 

String theoretic arguments predict that the ADHM theory of curves should 
be related to the local Donaldson-Thomas theory of curves defined in |50[ 
[STj I18[ [58]. In sections ([6]), ([7]) we show that the relative Beilinson spectral 
sequence [59j relates stable ADHM sheaves with E^o = Ox on a smooth 
projective curve X to stable pairs [ISldSlET] on the projective plane bundle 
Y = Proj(C'x ©Ml ©M2) over X. The later have been recently employed by 
Pandharipande and Thomas [UT] as a new curve counting device on smooth 
projective threefolds (see |6Ul I62j for further results.) As mentioned above, 
similar relations between quiver sheaves and the relative Beilinson monad 
have been previously found in |67[ lllj . However, the connection to the lo- 
cal Donaldson-Thomas theory of curves via stable pairs is new, and relies 
heavily on the stability condition (j2.2p . 

In order to establish a connection between stable ADHM sheaves and 
stable pairs, we introduce in section ([6]) (see definition ()6.2p ) a new class 
of objects - called admissible pairs - which provide a natural intermediate 
construction between stable pairs and stable ADHM sheaves. Admissible 
pairs are proven to be equivalent to stable pairs in proposition ()6.4p and 
they are also naturally related to stable ADHM sheaves with £'00 = Ox 
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by the relative Beilinson spectral sequence (proposition \7.7h . Admissible 
pairs are characterized by a pair {d, n) of numerical invariants defined in 
(j6.2p . The main properties of admissible pairs derived from [45 ^ 146 1 I^T] are 
summarized by the following theorem. 

Theorem 1.9. {i) There exists a quasi-projective moduli space dJtAdmO^j d, n) 
over C of admissible pairs on Y with fixed numerical invariants {d, n) . 

(ii) There is aT = xC^ action on dJlAdmiYi d, n) induced by a scaling 
action on Y, so that DJlAdmO^jdju) is equipped with a natural T-equivariant 
perfect tangent- obstruction theory. 

{Hi) The fixed locus '^AdmiXi d, n)"^ is a projective scheme over C equipped 
with a virtual cycle [dJtAdm{Y,d,n)'^] and an equivariant virtual normal bun- 



vir 



^mAdn.{Y,d,n)'^ /mAdn^(Y,d,n)- 

A proof of this theorem based on [45\ [l6l [6T] is outlined in section Q . 

Theorem ()1.9p allows us to define the local equivariant Pandharipande- 
Thomas j61j theory of curves. 

Definition 1.10. Let X be a smooth projective curve of genus g, Mi,M2 be 
invertible sheaves on X and Y = Proj(C'x ffi Mi © M2). Then we define the 
degree d local Pandharipande- Thomas theory of the triple (X, Mi,M2) to be 

Zpt{X,Mi,M2)M = Y.i'" I T- 

Our third result is the following. 

Theorem 1.11. Let X be a smooth projective curve of genus g, Mi,M2 be 
invertible sheaves on X and E^o = Ox- Let Y = Y'io']{Ox ffi Mi © M2) and 
let T = X act on '^adhm['^ ,f,e) as in example \3.12\) . Then there 
is a T-equivariant isomorphism of algebraic moduli spaces 

f : TlAdm{y, d, n) ~ mADHAli^, d,n + d{g - 1)) 

so that the perfect tangent-obstruction theories of the two moduli spaces are 
compatible with respect to f. 

Here compatible perfect obstruction theories is meant in the sense of |471 
Def. 4.1]. Theorem (jl.lip is proven in sections ()7.3p . (|7.4p . 
Theorem (II. lip implies 

Corollary 1.12. Let X be a smooth projective curve genus g, Mi,M2 be 
invertible sheaves on X and Y = Proj(Ox © Mi © M2). Then we have 

(1.4) Zpt{X,Mi,M2)M = q-''^'^'^ ZADHAlWdiq) 

for any d>l, where X = {X, Mi, M2, Ox)- 

According to [611 Conj. 3.3] we have the following conjectural relation be- 
tween the Pandharipande-Thomas and the local Donaldson-Thomas theory 
of curves [Ml ED [iSl EH] 

ZpT{X,Mi,M2)d{q) = Z'j,T{X,Mi,M2)d{q). 
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Therefore corollary (11.121) immediately yields a similar conjectural relation 
between the ADHM theory of curves with trivial framing and the local 
Donaldson-Thomas theory of curves. 

For more general framing Eoo = ©^^^-La as in definition ()1.7p . we ex- 
pect the ADHM theory of ZADHM{^)r{Q) to be related to the higher rank 
local Donaldson-Thomas theory of curves. This problem, as well as some 
geometric applications will be treated elsewhere. 

Note added for Version 2. Moduli spaces of twisted ADHM sheaves 
have also been recently studied by Marcos Jardim in [41], subject to a more 
general stability condition. In particular \41\ Thm 24] establishes that the 
moduli space of stable twisted ADHM sheaves on a complex projective space 
is a quasi-projective variety. 

Notation and Conventions. Throughout this paper, we will denote by 
& the category of schemes of finite type over C. For any such schemes X, S 
we set Xs = S X X and Xg = Spec(fc(s)) Xs X for any point s £ S, where 
k{s) is the residual field of s. Let also ps ■ Xs — > S, px '■ Xs — > X denote 
the canonical projections. We will also set Fs = P*xF for any Ox-module F. 
Given a morphism f : S' ^ S , we will denote by /x = / x Ix : Xs' —>■ Xs- 
Any morphism / : 5" — > 5", yields a commutative diagram of the form 

p'x 

Xs'^^X 



fx 



Ix 



Px 

Xs^^X. 

Then for any Ox-module F there is a canonical isomorphism Fs' — fx^s 
which will be implicit in the following. Finally, we willy employ the conven- 
tions of [201 Ch. 1.2, Ch. 1.3] for computations in derived categories. 
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2. ADHM Sheaves 

2.1. Stable ADHM Sheaves. Quiver sheaves are representations of a 
quiver with relations in the abelian category of modules over a scheme or 
more generally a ringed space [U [3l [30]. Let X be an arbitrary scheme. 
Ml, M2 be fixed invertible sheaves on X and be a coherent Ox-module. 
In this paper we will consider framed twisted representations of an ADHM 
quiver in the abelian category of coherent Ox-modules. As stated in the 
introduction, we will denote the data (X, Mi, M2, Eqo) by X. 

Definition 2.1. {i) An ADHM sheaf on X is defined by the data 
£ = {E,^i^2,4>,'^) where E is a coherent Ox-'nn.odule and 



E®xMi^E, <i):E®Mi®xM2^E^, : E^ 



E, 



with i 



1,2, are morphisms of Ox -'modules satisfying 

$1 o ($2 (8) 1a/i) - ^-2 o ($1 ® lAfa) V' o 



0. 



We will refer to Mi, M2 as twisting data and E^o as framing data. 

(a) A morphism : £ ^ £' of ADHM sheaves on X is a morphism of 
Ox -modules : E ^ E' so that the following diagrams are commutative 



(2.1) 



E 
E' 



Mi 



Mi 



Ei 



E 
-E' 

?Y Ml 



E' ®x Ml ®x M2 



M2 



Er. 



E^ 



E^ 



E^ 



E 



E' 
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(iii) A morphism ^ : 8 ^ 8' is an isomorphism of ADHM sheaves if 
^ : E ^ E' is an isomorphism of Ox -modules. 

Suppose X is a smooth projective variety over an infinite field k of cliar- 
acteristic 0. In addition to tlie twisting data Mi, M2 and framing data £"00, 
we will also fix a very ample line bundle Ox{^) on X. Let M12 denote 
Ml (g)x Ma. 

Definition 2.2. An ADHM sheaf 8 = {E,^i^2,4',i^) on X with twisting 
data MijMa and framing data E^ is stable if the following conditions are 
satisfied 

(i) E is a torsion-free Ox-module 
(a) V is not identically zero 

{Hi) There exists no nontrivial proper saturated subsheaf C E' C E so 
that <^i{E' ^x Mi) C E' for i = 1,2 and Im(V') C E' . 
The stable ADHM sheaf 8 will be said to have Hilbert polynomial P if E has 
Hilbert polynomial P. 

2.2. Properties of ADHM Sheaves. Next we establish some properties 
of ADHM sheaves will be needed later in the paper. We will work under 
the same assumptions as above i.e. A is a smooth projective variety over 
an infinite field k of characteristic equipped with a very ample line bundle 
Mi,M2 will be fixed twisting data and the locally free Ox-module 
Eoo will be fixed framing data. 

Lemma 2.3. (i) Let ^-.8^8' be a morphism of stable ADHM sheaves on 
X, where 8, 8' have identical Hilbert polynomials. Then ^ is either trivial 
or an isomorphism. 

(ii) If the base field k is algebraically closed, the automorphism group of 
a stable ADHM sheaf on X is trivial. 

Proof. Let : E ^ E' he a morphism of coherent Ox-modules which 
yields a morphism of ADHM sheaves i.e. the diagrams (j2.1|) for 8, 8' , ^ are 
commutative. Then it follows that 

(2.2) $-(Im(C) 0x Mi) C lm(0, Im(V') Q lm{C). 

Suppose is not identically zero, and kernel Ker(^) is a nontrivial proper 
subsheaf of E. Since E is torsion free, Ker(,^) must be torsion free as well, 
hence rk(Im(^)) < rk(£^). Therefore the saturation Im(,^) is a proper sub- 
sheaf of E'. Let 

1^. : MO M, E' - E'/MO 

be morphisms induced by ^i, i = 1,2. For generic x G A, lm{S^)x = lm(0^, 
therefore relations ()2.2|) imply that lm{^i)x = 0. However the quotient 
E' /lm{^) is torsion free since lm(0 is saturated, hence Im($'j) must be 
trivial. This implies that 
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Obviously we also have lm{ip') C Im(^) according to (|2.2p . Therefore the 
stability condition implies that Im(^) must be either trivial or equal to E', 
and we have reached a contradiction. 

In conclusion, if ,^ : — > £" is nontrivial, it must be injective. Then 
Coker(,^) is a torsion sheaf on X. However, E, E' have identical Hilbert poly- 
nomials by assumption, therefore Coker(^) must be in fact trivial. Therefore 
if ^ is not trivial, it must be an isomorphism. This proves lemma p.3[ i). 

In order to prove ()2.3l u). take £ = £' . Lemma ()2.3U ) implies that any 
nontrivial endomorphism ^ : £ ^ £' must be an automorphism. Then 
a standard argument (see for example [40 ^ Cor. 1.2.8]) implies that any 
such morphism must be of the form ^ = Al^;, A € C if A; is algebraically 
closed. Moreover, since ^ is a morphism of ADHM sheaves, we must have in 
particular Xif) = ip. Since il^ is non-trivial by stability, it follows that A = 1. 
This proves lemma (I2.31 ii). 

□ 

Lemma 2.4. Let £ be an ADHM sheaf on X (not necessarily stable). Then 
there exists a canonical saturated subsheaf Eq C E so that 

^,{Eo ®xM,)CEo, Im(V) C Eq 

fori = 1,2. 

Proof. If $j = 0, i = 1, 2, we take £"0 to be the saturation of lm('0) in E. 

Now suppose $1, $2 are not simultaneously trivial. Let I = {11,12, ■ ■ ■ , ik) 
be an ordered collection of indices ii G {1,2} for I = 1, . . . ,k. For each such 
ordered collection, let 

Mi = Mi^®x--- ®x Mi^ 

and 

^i:E®Mi E 

To the empty collection / = we formally assign M/ = Ox and = 1e- 
Then set 

(2.3) E'^ = Y,^i{^H^)®xMi) 

I 

where the sum is over all finite collections I of arbitrary length. According 
to \2>2\ 5.3.4], Eq is a coherent submodule of E. We also have 

^i{E'^) C E'^, Im(^) C E'^ 

by construction. 

Let Eq be the saturation of E'q in E. Obviously, Eq contains lm('0) as 
a subsheaf. If Eq = E, then obviously $i(£'o ®x Mi) C Eq for i = 1,2. If 
Eq 7^ E, consider the following composition of morphisms of Ox-modules 

$,,0 : ^0 <^x M,^E ^ E/Eq. 



10 



D.-E. DIACONESCU 



for i = 1,2. Since Eq is the saturation of E'q it follows that ^ifi vanishes 
generically on X, hence Im(#j_o) niust be a torsion Ox-module. However 
E/Eq is torsion free since £"0 is saturated, hence Im(<l>j^o) niust be trivial. 
Therefore = and we have $j(£'o (8)x Mi) C Eq for i = 1,2. 

□ 

Lemma 2.5. Suppose E^^ is a simple locally free sheaf on X. Then any 
stable ADHM sheaf 8 on X must have (/> = 0. 

Proof. Since E^o is simple, the endomorphism algebra End(i?oo) is isomor- 
phic to C. In particular, for any endomorphism ^00 : -E'oo — > E^o-, Tr(,^oo) = 
implies .^oo = 0. Then the inductive argument used in the proof of lemma 
[531 Lemma 2.8] applies without modification to any stable ADHM sheaf £ 
with Eoo simple. This proves that the restriction 0|_E^®jfMi2 trivial, where 
Eq is the subsheaf of E constructed in (j2.3p . 

Then we claim that the restriction (/'|_Bo®x^i2 vanishes, where Eq is 
the saturation of Eq as in lemma (j2.4p . By construction, it is clear that 
the restriction (t>\Eo®xMi2 vanishes generically on X. Therefore its image 
Im (^1^01X1x^12) must be a torsion sheaf on X. This is impossible since Eoo 
is locally free. Therefore (I)\eo®xMi2 must be trivial. However, the stability 
condition implies that £"0 = E, hence (j) = ^. 

□ 

2.3. Boundedness. Next we prove a boundedness result for stable ADHM 
sheaves with fixed Hilbert polynomial P. In this section we will take k = C, 
hence X is a smooth complex projective variety. 

Lemma 2.6. Let E be a torsion-free sheaf of rank r > 2 on X . Suppose E 
is not semistable, and let 

= HNq{E) C HNi{E) C . . . C HNh{E) = E 

be the Harder- Narasimhan filtration of E. Then 

(2.4) KHNi{E)) + (r - 1) fi{E / H Nh,^{E)) < rfi{E). 

Proof. This is a standard result used for example in the proof of |56^ 
Prop. 3.2], \64\ Thm. 3.1]. The proof relies on an inductive argument and 
will be left to the reader. 

□ 

Proposition 2.7. Let Ap be the set of torsion free sheaves E with fixed 
Hilbert polynomial P so that (E, ^1^2, V') ^-5 a stable ADHM sheaf for some 
morphisms ($i^2) V')- Then Ap is bounded. 

Proof. The proof will be based on Maruyama's theorem |49j 

Theorem 2.8. (Maruyama). A family of sheaves E with fixed Hilbert poly- 
nomial P and UraaxiE) < C for a fixed constant C is bounded. 
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Therefore it suffices to prove that there exists a constant C so that 
/^max(-E') < C for all stable ADHM sheaves £ = {E,^i^2, 4>,i^) on X with 
Hilbert polynomial P. If E is semistable UmaxiE) = fJ-iE) is clearly bounded. 
In particular this is the case if rk(E) = 1, hence we will assume rk{E) > 2 
from now on in this proof. 

Suppose E is not semistable, and let 

(2.5) = HNo{E) C HNi{E) C • • • C HNh{E) = E, 

h > 2, he the Harder-Narasimhan filtration of E. Note that the succes- 
sive quotients are torsion free and semistable. Given two torsion free Ox- 
modules, any extension 

must be torsion free. Then a simple inductive argument shows that HNj{E), 
j = 1, . . . ,h — 1 are saturated subsheaves of E i.e the quotients E / HNj[E) 
are torsion free for all j = 1, . . . , /i — 1. In particular this implies that h < r. 

Since HNj{E), j = 1, . . . ,h — 1 are also nontrivial and proper subsheaves 
by construction, it follows from the stability condition that for each j = 
1, . . . ,h — 1 either 

(o) there exists i £ {1, 2} so that ^i{HN{E)j ® Mi) ^ HN{E)j, or 
(6) Im(V') ^ HN{E)j. 
Let € {1, . . . , — 1} be the index characterized by 
lm{i,)(^HNj{E), for j<j^ 
Im(V^) C HNj {E) , for j > + 1. 
Note that the morphism 

lp:E^^E/HN,^{E) 
is nontrivial and [401 Lemma 1.3.3] implies that 

^mm(^oo) < flnrUE/HN.j^{E)). 

By construction fsee the proof of |40^ Thm. 1.3.4]) we have fj,raa.x{E/ HNj^{E)) = 
lj.{HNj^+i{E)/HNj^{E)), therefore we obtain 

(2.6) /imin(i?oo) < l^{HNj^+,{E)/HN,.{E)). 
Moreover, li = h — 1, inequality (|2.6p specializes to 

Mmm(^oo) < Ai(^/i?iVh-l(^)). 

which yields 

(2.7) - ^i{E/HNh^i{E))< 

oo ) • 

If ^ h — l^ the stability condition implies that for each j E { j^, + 1 , . . . , /i — 
1} there exists G {1, 2} so that ^i.{HNj{E) Mi^) ^ HN,j{E). Then the 
argument employed in the proof of [561 Prop 3.2] and [64L Thm. 3.1] shows 
that 



(2.8) fiiHNj{E)/HN,.i{E)) < fi{HNj+^{E)/HNj{E)) - deg(Mi^). 
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Summing inequalities p.Sp from j = + 1 to j = h — 1 we obtain 

^L{HN,^,+,{E)/HN^^{E))<f^{E/HNf,ME))- Yl deg(Mi^.). 
Then using inequality (j2.6p we obtain 

h~l 

which further yields 

fimin{Eoo) -{h- l)max{|deg(Mi)|, |deg(M2)|} < fi{E/HNh-i{E)). 

Since we have established above that h < r, we finally obtain 

(2.9) -i^i{E/HNh^i{E)) < -^„,in(Soo)+(r-l)max{|deg(Mi)|,|deg(M2)|} 

Taking into account (12. 7p , ()2.9p , inequality (12.40 implies the existence of the 
required upper bound for fi{HNi{E)) = fJ-maxiE). 

□ 

3. Moduli Space of Stable ADHM Sheaves 

The goal of this section is to prove theorem (jl.ip . We will take X to be a 
smooth complex projective variety equipped with a very ample line bundle 
C'x(l)- Let Mi,M2, Eoo be fixed twisting, respectively framing data on X. 
We begin with the construction of the groupoid of stable ADHM sheaves. 

Definition 3.1. (i) A flat family of ADHM sheaves on X parameterized 
by S is an ADHM sheaf £s on Xs with twisting data {Mi)s-,{M2)s o,nd 
framing data {Eoo)s so that Eg is flat over S and the the restriction £s\xsS 
is a stable ADHM sheaf on X with fixed Hilbert polynomial P for any point 
seS. 

(ii) Two flat families of ADHM sheaves £s = {Es,^s,i,2, (pSji^s) £'s — 
{Eg, 21 4''s' '^'s) '^"''^ isomorphic if they are isomorphic as ADHM sheaves 
on Xs- 

For fixed X, Mi, M2, E^o and fixed Hilbert polynomial P, we define a 
fibered category p : dJlADHAii'^ , P) — > S over S as follows 

• The objects of dJlADHAii'^ , P) are fiat families £3 of stable ADHM 
sheaves on X with Hilbert polynomial P parameterized by schemes 
S of finite type over C. 

• Given two objects £3 and £t, a morphism in Mor(j)i^^j^^^(;t',P) i^s, £t) 
is a pair (/, ^5) where / : S* — > T is a morphism of schemes of finite 
type and is an isomorphism 

is '■ £s ^fx^T- 

The projection functor p : dJlADHAii'^ 1 P) © assigns the parameter 
scheme 5 to a family £3 and the morphism / : 5 — > T to a pair (/, ^5). 
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Proposition 3.2. p : TlADHAii-^ , P) ^ 6 is a category fibered in groupoids. 

Proof. Follows from general properties of the pull-back of coherent sheaves 
and morphisms of coherent sheaves. 

□ 

Our next goal is to prove that ^ADHAii^ , P) is an Artin stack. The main 
step is the construction of a parameter space for stable ADHM sheaves on 
X with fixed Hilbert polynomial P. 



3.1. The Parameter Space. Recall that the set defined in proposition 
(j2.7p is bounded. Then there exists an integer mo sufficiently large so that 
for all m > tjiq 

are generated by global sections 
d.ndH^{X,E{m)) =0, H^{X,E{m)®xM:[^) =0, H^{X,E{m)®x 
Mg"^) = for all /c > 1 and for all E in Ap. 
(B) Eoo{m), Eoo{m) 0x generated by global sections and 

H''{X,Eoo{m)) = 0, H^{X,Eoo{m) ®x M^^) = for all A; > 1. 

Fix m > rriQ and let y be a complex vector space of dimension = P{m). 
Let Voo = H^{X,Eooim)), and 1/00,12 = H^{X,E^ ®x Note that 

condition (B) implies that we can choose a surjective morphism 

Qoo - Voo® Oxi-m) Eoo 

so that H^{qoo{m)) is an isomorphism. We will fix such a morphism in the 
following. 

Definition 3.3. An ADHM quotient of type {P, m) is defined as the set 
of data {£,q,Ei^2,C,v) where £ is a stable ADHM sheaf on X with Hilbert 
polynomial P, 

q : V ®Ox{-m) E 
is a surjective morphism of Ox modules, and 

Ei -.V ^ H\X,E{m) ®xM-^) 
i-.V ^H\X, Eoo{m) ®x M^^) 
rj:Voo^H\X,E{m)) 

are linear maps so that 

(i) H^{q{m)) : V H^{X, E{m)) is an isomorphism. 
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(m) The following factorizations hold 
(3.1) 

V(E)Ox — ^ E{m) 

H%X,E{m) ®xMr^)0Ox 



E{m) ®x Mr^ 




Voo^Ox 
r?®lcijf 

H^{X,E{m))(8)Ox 



VC^Ox 



q{m) 



E{m) 
E{m) 



H''{X,E^im) (^x M{^^) (g) Ox 




Eoo{m) 




Eoo{m) ®x M^^ 
for i = 1,2. 

Definition 3.4. Two ADHM quotients of type {P,m) (£,q,'Ei^2,(,,'n) '^''^d 
(£'', g', H'^ 2) ^'"c isomorphic if there exists an isomorphism of ADHM 

sheaves p : £ — >£' so that the following diagrams are commutative 



V(S)Oxi-m)—^E V H^iX,E{m) ^x Mr^) 

V0Ox{-m)^^E' Y^L^H^^X,E'{m)(^x Mr^) 



i-VlSi-Oxi-'n) 



V H^iX, E{m) ®x Mf2^) H%X, E{m)) 



//o(pM®i i) Iv. 



V H%X, E'{m) ®x M^^] 
fori = 1,2. 



H°{X, E'{m)) 



Definition 3.5. A flat family of ADHM quotients of type {P, m) param- 
eterized by a scheme S of finite type over C is defined as the set of data 
{^s, QSt'^s,i,2,Cs,Vs) where £s is a fiat family of stable ADHM sheaves on 
X parameterized by S, 



qs : V i»Oxi-m)s Es 
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is a surjective morphism of Oxs -''modules, and 

^s,i -.V^Os^ Ps*{Es ^Xs (Oxim) 0x Mr^)s) 

Cs-V®Os^ Ps*{{Eoo{m) ®x M{^)s) 
r]s -Voo^Os ^ Ps*{Es ®Xs Ox{m)s) 

are morphisms of O s -modules so that the restriction {£s, qs, ^S,i,2> 'ns)\Xs 
is an ADHM quotient of type (P, m) for any point s € 5. 

Two flat families of ADHM quotients (fg, qs, '^s,i,2,(,s, Vs)> 
{£s, qs,^S,i,2,S,STVsy CL'^G isomorphic if there exists an isomorphism pg : 
£$ £s of flat families of stable ADHM sheaves so that the obvious dia- 
grams analogous to those in definition are commutative. 

Let O.ADHMiX, P,m) : 6 — > Sets be the functor which assigns to any S 
the set of isomorphism classes of flat families of ADHM quotients of type 
(P, m) parameterized by S. Then we claim 

Lemma 3.6. The functor O. ad hm{X, P, m) is represented by a quasi-projective 
scheme R over C equipped with a universal flat family {£r, qji, ^r,i^2,(,r, Vr) 
of ADHM quotients of type {P, m). 

Proof. This is a standard construction for moduli problems of decorated 
sheaves [Ml ESI EHl [291 ES] . R will be constructed as a subscheme of an affine 
scheme over the Quot-scheme Q of coherent quotients V Oxi—m) -» E 
on X with Hilbert polynomial P. Note that Q is a projective scheme over 
C. Let 

qQ:V®p\Ox[-m)^EQ 

denote the universal quotient on Q (see for example |40t Sect. 2.2] or [26^ 
Ch. 5] for construction and existence proofs.) 

The family of quotients [q : V ®Ox{—fn) E] with fixed Hilbert polyno- 
mial is bounded [40^ Lemma 1.7.6]. Therefore we can choose the integer rriQ 
sufficiently large so that condition {A) above holds for all quotients [V — » E] 
parameterized by Q. We will assume this to be the case from this point on. 

Given conditions (A) and (B) above, the base change theorem [341 Thm 
7.7.5], [HI Thm. nL3.4] implies that all direct images 

n = Pq*{Eq ®Xq Ox{m)Q), Hi = pq^Eq {Mr\m))Q), 

Woo = PQ*{Eooim))Q, Woo,i2 = PQ*{Eoo{m) ®x M{2)q, 

with i = 1,2, are locally free Og-modules. Let V denote the locally free 
Cg-module 

V = ® (Wi e ^2 e ^00,12) ev^®n 
^^■^^ =v^ (S) (Til © H2) © {V' 1/00,12 <8) Oq) ®v^®n. 

Let 5(V^) denote the symmetric tensor algebra of and let T = Spec5(V^). 
Note that we have an affine projection Pt/q : T Q. The fiber of Pt/q 
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(3.3) 



over a point [q : V (S) Oxi—rrt-) ^ E] of Q is isomorpliic to the linear space 

Horn {V, H^{X, E{m) ^) H^{X, E{m) ^x M-^)) 

e Hom(y, 1/00,12) e Hom(Ko, H\X, E{m))). 

Let Et = {pt/qYxEq and note that by flat base change we have 

(3.4) Pt/qPQ*{Eq ®Xq Fq) ~ pt*{Et ®Xt Ft) 

for any coherent Ox-module F since px/q ■ T ^ Q is afhne, hence flat. 
Moreover we also have a tautological section r of P^/q^ o^^r T. Taking into 



account (|3.4p . r yields canonical morphisms of OT-modules 

ET,i -.V^Ot^ Pt*{Et ®Xt {Ox{m) ®x M'^) 

(3.5) ^t-.V^Ot^ PT*{E^{m) ^x M^^^)t) 

VT ■■ Voo (S> Ot ^ Pt*{Et ®Xt Ox{rn)T) 

Then we obtain the following tautological diag rams on JCj^ 



V®OXr 



P*tPt*{Et (^Xt {Ox{m) 0x M~^)t) 



V®Ox, 



Pt^t 



Et^Xt (Oxim) ®xM-^)t 
p^PT*{Eoo{m) (g)x M^2^)t 



Voo O Oxj 



PtVt 



p*rpPT*{ET ®Xt Ox{m)T) 



QT 



Ft ®Xt Ox{m)T 



where i = 1,2. 

In order to obtain a parameter space for stable ADHM sheaves, we have to 
establish the existence of a closed subscheme of Z C T so that the morphisms 
At,i, ^t,2 At, Qt factor through the projections 

iPT/Q)*x'lQi'^)\z -.V ®Oz ^ Ft ®Xt Ox{'m)T\z 

{Pt/q)*x(1q{''t^)\z -.V ®Oz ^ Ft ®Xt Ox{m)T\z 

iPT/Q)*x'lQi'^)\z -.V ®Oz ^ Ft ®Xt Ox{m)T\z 

(goo(?n))T|z ■.V^®Oz^F 00 [jn )t\z 

respectively, for i = 1,2. 

This follows for example from [291 Lemma 3.1], which is reproduced below 
for convenience. 
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Lemma 3.7. Let Y be a scheme, and let f : G ^ F he a homomorphism 
of coherent OxxY -modules so that F is flat over Y . Then there is a unique 
closed subscheme Z of Y satisfying the following universal property: given 
a Cartezian diagram 

Xs — ^ Xy 

PS Py 

— * 

h f = if and only if h factors through Z . 
In lemma ([32]) take Y = T, 

G =Ker {{PT/QTx{qQ{m)®'^) ® P*xqoo{m)) 

F = Et 0Xt (Mf i(m) © M2\m))T (^oo(m) ®x M{^^)t 

®Et ^Xt Ox{m)T 

and 

/ = (At,i At,2 © At ^t)|g- 

Then we obtain a closed subscheme Z G T with the desired properties. 
Let Ez = Et\xz- By construction we have morphisms of Ox^-niodules 
^z,i ■■ Ez ®xz {Mi)z ^ Ez, i = 1,2, cPz : Ez ®Xz (^12) ^ (^oo)z, 
ijjz ■■ {Eoo)z Ez and data 

qz : V®Ox{-m)z ^ Ez 

-.V^Oz^ Pz*{Ez ®Xz {Ox{m) ®x Mr^)z) 

iz-V®Oz^ Pz*{Ez ®Xz {Ox{m) ®x M^^)z) 

7]z -Voo^Oz ^ Pz*{Es ®Xz Ox{m)z) 

so that the factorizations required by definition (j3.5p hold. 

Next, let i? C Z be the subscheme of Z so that the restriction of the 
data (£"2, <?z, "Z,i,2, ^z, to Xz is an ADHM quotient of type {P,m) 
on Xz for any closed point z (z R. Since the factorizations required in 
definition (j3.3p hold by construction, this means we just have to require 
the data {Ez,^z,i,2,4>z,'4'z) \z to be a stable ADHM sheaf on X^ for any 
z & R, and H^{qz{m)\x-) to be an isomorphism. Restricting the data 
{£ziQz,'^z,i,2,S,ZiVz) to R, we obtain a flat family of ADHM quotients of 
type {£R,qR,'^R,i,2,CR,m) on X parameterized by R. 

We claim that R is the parameter space for ADHM quotients required 
in proposition (13. 6|) . In order to prove this, suppose {£3, qs,'^s,i,2,(,s,Vs) 
is a flat family of ADHM quotients of type (P, m) parameterized by S. 
In particular we have a flat Oxs-module Es so that H^{X,qs\xs) is an 
isomorphism for each s £ S. Therefore we obtain a classifying map g : S ^ 
Q so that gxEq ~ Es- 
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Taking into account conditions (^4), {B) above ()3.3p . the base change 
theorem |341 Thm 7.7.5], [SI Thm. III. 3. 4] yields isomorphisms 

g*PQ*{EQ ®Xq {Ox{m) ®x M-%) ~ P5*(^5 ^Xs iOx{m) ^x M-^)s) 

g*PQ*{E^{m) (g)x Mi2^)q - Ps*{Eoo{m) ®x M^^)s 

9*PQ*{Eq ®Xq Ox{m)Q) ~ ps*iEs ®Xs Oxim)s) 

for i = 1,2. Then it follows for example from |26^ Thm. 5.8] that there is a 
lift h : S ^ T so that 

{Es, '^3,1,2, ^s,Vs) = h* {Et.'^t, 1,2, ir, tit)- 

Since {Eg-, qs, "5,1,25 Csi Vs) is a flat family of ADHM quotients, lemma ()3.7p 
implies that h factors through a morphism f : S ^ R. Moreover, we have 

iEs,'^S,l,2,Cs,Vs) = f*iER,'^R,l,2,(,R,'nB)- 

Finally, since the ADHM data £s = {Es, ^s,i,2,4'2,4's) is determined by the 
data (Es, '^3,1,2, (.s^Vs) for any base scheme S, it follows that 

{£s, '^3,1,2, Cs,1]s) = f*{£R,'^R,l,2-,iR,'nR)- 

□ 

Note that there is a natural algebraic group action of G = GLiy) on R so 
that the universal ADHM quotient {£R,qR,ER^i^2i(,R,VR) is G-equivariant. 
We will prove below that the quotient stack [R/G] is isomorphic to the stack 
of stable ADHM sheaves on X. First we need the following lemma. 

Lemma 3.8. Let X be an arbitrary scheme over C, f : P ^ B be a principal 
G-bundle where G is a smooth algebraic group scheme over C. Let G act 
trivially on X. 

(i) Let Ep be a coherent Oxp-'n^odule. Suppose Ep is equivariant with 
respect to the natural action of G on Xp. Then Ep descends to a coherent 
Oxg-module Ep- Moreover, if Ep is flat over P then Ep is fiat over B. 

(a) Let (f)p : Ep — > Fp be a morphism of coherent Oxp-modules. Suppose 
Ep,Fp,(pp are equivariant with respect to the natural action of G on Xp. 
Then (pp : Ep Fp descends to a morphism of coherent Oxg-'modules 
<pB ■ Ep ^ Fp. 

Proof. This lemma is a corollary of [H Thm. 3.3]. Alternatively, one can 
give a direct proof by analogy with the proof of j40|, Thm. 4.2.14]. First 
note that for a principal G-bundle f : P ^ B as above we have a canonical 
isomorphism 

axqp: Px G^PxpP 
where a : PxG ^ P denotes the right action of G on P and qp : PxG ^ P 
is the canonical projection. Then the main observation is that an equivariant 
structure of a coherent Oxp-module Ep is equivalent to descent data for 
Ep with respect to the morphism fx '■ Xp XpX. Therefore lemma (13. Sp 
follows from the descent theorem for faithfully flat morphisms Thm. 
4.21], P Thm. A.2(a)] and [Ml Prop. 2.5.1]. 
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□ 



Proposition 3.9. There is an isomorphism of groupoids [R/G] ~ ^ADHAli'^ , P) 
over &. In particular, dJlADHAli'^ , P) is an Artin stack. 

Proof. The proof is very similar to the proof of [_28' Prop. 3.3]. Let 

/ 



P 



B 



R 



be an object of [R/G] over B. Then (/ x Ix)* {Er,^r^i^2, 4'Rt4'r) is a 
flat family of stable ADHM sheaves on X parameterized by P. Since / is 
G-equi variant, this family is equivariant with respect to the natural right 
G-action on Xp. Since Xp — > Xb is a principal G-bundle, the family 
f^{Ep, ^*i?,i,2) 4'R, V'/?) descends to a similar family £b parameterized by B 
according to lemma (|3.8p . 

A morphism between two objects 



P 



f 



R 



P' 



r 



R 



B B' 
of [R] is a commutative diagram of the form 
(3.6) ^ R 




where u : B ^ B' is a morphism of schemes of finite type over C, and 
^ : P ^ u*P' is an isomorphism. Since u* f o ^ = /, and all morphisms are 

f'x^R 



X 



G-equi variant, it follows that we have an isomorphism fx^R 
which descends to an isomorphism Sb—^u^Sb' according to lemma ([3l 
Therefore we obtain a functor f : [R/G] TlADHMi-^ , P)- 

Next we construct a functor g : DJlADHMi'^ , P) — ^ [P/G] employing a 
construction similar to the proof of [401 Lemma 4.3.1]. Suppose £b is a flat 
family of stable ADHM sheaves with Hilbert polynomial P on X parameter- 
ized by B. By definition, £B[xb is a stable ADHM sheaf on X with Hilbert 
polynomial P for any point b (z B. Therefore it satisfies condition (A) above 
definition (13. 3p . Then the base change theorem [34^ Thm 7.7.5], [U Thm. 
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III. 3. 4] implies that the direct images 

n = pb*{Eb ®Xb Ox{m)B), Ui = pb*{Eb ®Xb M-\m)B), 

T-Loo = PB*Eoo{m)B, Woo,i2 = PB*iEoo{m) ®x M:[^)b, 

i = 1,2, are locally free and all higher direct images vanish. Let P = 
Isomiy ® Ob — > denote the frame bundle associated to the locally free 
O^-module 7^, which has rank N = P{m) [40 1 Ex. 4.2.3]. Then we have a 
canonical surjective morphism of -modules 

(3.7) p*Bn Ox{-m)B ^ Eb. 

Let n : P ^ B denote the natural projection map. Note that the pull- 
back 71*71 has a canonical trivialization 

(3.8) V (^Op^TT*n 

on P. Composing (j3.8|) and (|3.7|) we obtain a surjective morphism of Oxp- 
modules 

qp -.V ® Ox{-m)p ttxEb- 

Let Ep = (tt X 1x)*Eb- Given condition (A) above (13. 3p . the base change 
theorem [34^ Thm 7.7.5], [H Thm. IIL3.4] implies that the have an isomor- 
phism 

7r*n ~ pp*{Ep ®Xp Ox{m)p). 
Moreover, it also implies that 

PP*{Ep ®xp Ox{m)p)\pt ^ H'^{X,Ep\{pt}xx{m)) 
for any point {pt} € P. Then it follows that 

{Qp\{pt}xx){m) : V ® 0{pt}y,x ^ ^p|{pt}xx("i) 

induces an isomorphism in degree zero cohomology for any point pt € P. 
This allows us to construct a flat family of ADHM quotients of type m 
parameterized by P as follows. Let £p = tt*^£b- According to the base 
change theorem we have isomorphisms 

7r*W ~ pp*{Ep (g)xp Ox{m)p) 

Tr*n^ ~ pp^Ep ®xp M-\m)p) 

vr*Hoo,i2 =^ PP*{Eco{m) (g)x Mj^^)p 

Then the data (Hp^j, ^p, rjp) is determined by applying pp* to the following 
morphisms 

qp(m) <I>pi(m) 

V (g) Oxp — ^ Ep (E)x Ox{m)p ■ ^ Ep ®x Mr\m)p 

V ® Oxp — Ep ^x Ox(m)p ^''^'"^ . (Eooim) 0x M:[^)p 

® Oxp ""^'""^"^ ^ E^{m)p ^^^"^ ^ Ep ®x Ox{m)p . 
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Therefore we obtain a flat family of ADHM quotients of type (P, m) pa- 
rameterized by P. This family is naturally G-equivariant by construction, 
therefore it determines a G-equivariant classifying morphism f : P ^ R. 

Let {u, g) be a morphism between two flat families of stable ADHM 
sheaves £b,£b' where u : B ^ B' and g : £b — >u*£b'- Then repeat- 
ing the above construction we obtain two flat families of ADHM quotients 
(fp, Sp^i^2> ^Pi ??p)) i£p,^p,i,2,£,Pi'npy over B and B' respectively. Since 
we have the isomorphism g : £b — >u*£b', we will obtain an isomorphism 
^ : P-^u*P' over B using the base change theorem. 

Let V : u*P' — > P' be the morphism defined by the commutative diagram 

u*P' P' 



Employing again the base change theorem, it is straightforward to check that 
the families of ADHM quotients {£p,^p,i,2,(,p,'np)j i*v*{£p^'^P,i,2,ip^'np)' 
are canonically isomorphic. Therefore the G-equivariant classifying maps 
f : P ^ R, f : u* P' ^ R m in a diagram of the form (j3.6p . In conclusion, 
we obtain a functor g : TlADHMi'^ , P) — ^ [P/G] over S. 

Finally, it is straightforward to check that the fog, g o f are naturally 
isomorphic to the identity functors, hence we obtain indeed an isomorphism 
of groupoids [R/G] ~ TlADHMiX,P). 

□ 

3.2. The Moduli Space. In this section we prove theorem (II. ip and corol- 
lary ()1.2p . We will need the following preliminary lemma. 

Lemma 3.10. Let p : A ^ B be a local morphism of Noetherian local rings, 
k the residual field of A and M,N two finitely generated B-modules, N flat 
over A. Let u : M ^ N a morphism of B-modules. Then the following 
conditions are equivalent 

(i) u is injective and Coker(u) is flat over A 
(a) wSi 1 ■ M iSiA k ^ N ®A k is injective. 

Proof [331 10.2.4] 

□ 

Proof of theorem U.l\) . Lemma ()2.3l ii.) and [44 1 Cor. 8.1.1] imply that 
^ADHMi-^ , P) is an algebraic space over C. 

We will prove that dJlADHMi'^ , P) is separated using the valuative crite- 
rion of separatedness [HI Prop. 7.8]. Note that TIadhm{'^ , P) is locally of 
finite type over C since the smooth atlas R provided by proposition (13. 9p is 
quasi-projective. Then we can restrict ourselves to discrete valuation rings 
with residual field isomorphic to C. 

Therefore let i? be a discrete valuation ring with residual field k = C, and 
let K be its fraction field. We will denote by tt S i? a uniformizing element. 
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Let , be flat families of stable ADHM sheaves on X parameterized 
by Spec(i?) so that the restrictions to Spec(K) are isomorphic. 

Let '■ £k^ £k^ be an isomorphism of flat families of ADHM sheaves. 
We will denote X x Spec(i2) by X/j, and X x Spec(i(') by X^- Therefore 
we are given an isomorphism of Oxj^ -modules S^k '■ E^k ~^ that the 

diagrams (|2.ip for £^^ ■, £^^ and are commutative. 

First we claim that there exists an integer n S Z so that tt^^k extends to 
a morphism of Oxfl-modules : E^^^ — > E^^^ so that the restriction of 
to any fiber of Xr — > Spec(-R) is nontrivial. This follows from an argument 
analogous to the one used in the proof of [21 Lemma 7.8] . We will reproduce 
it below for completeness. 

Let S be an arbitrary base scheme of finite type over C, and F, G be 
coherent Oxg-modules F, G, with G flat over S. According to [2 Sect. 1.1], 
the functor 

I ^^omxs{F,G®Xs PP) 
from quasi-coherent C's'-modules to sets is represented by the coherent Os- 
module ps*'Homxs{F,G) and the tautological morphism 

h{F, G) G RomxsiF, G ^Xs P*sPs*nomx,{F, G)). 

Then for any scheme f : T ^ S over S there is a functorial isomorphism 

RomT{rps*nomxs{F,G),OT) ^ RomxM*xF, f*xG) 

as in equation (1.1.1) of [2]. Taking S = Spec(i?), T = Spec(K) and / : 
T — > 5 the canonical open immersion, it follows that corresponds to a 
nonzero element in 

rjK G RomT{rps.nomxs{E'i\E'^^^),OT). 

However, since ii is a discrete valuation ring, we have a direct sum decom- 
position of Og-modules 

Ps*nomxs{F, G) ~ Ho e Hi 

where TCi is free and Hq is a torsion module. Since rjx is non-zero, it follows 
that Til is nontrivial. Therefore there exists a surjective morphism 

rjR £ Roms{ps*'Homxs{F, G), Os) 

so that ??/j|r = "^"vk for some n G Z. Let G }iomxg{F,G) be the 
morphism of Oxs modules which corresponds to ry/j. Then we have ^r\t = 
■^"^x and the restriction of to any fiber of Xr ^ 5" is nontrivial. 

Next we prove that the stability condition for ADHM sheaves implies 
n = 0. Since is an isomorphism of ADHM sheaves we have 



hence also 



(3.9) 7r"ei^ o ij"^^ = 7r"V. 



(1) _ 
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By assumption, tpj^ , t/jj^ extend to morphisms of Ox^-niodules t(j\^ : (i?oo)_R 
E'j^\ Vg^ : {Eoo)r ^ E^^\ Moreover, since £^ ^ is a flat family of stable 
ADHM sheaves, the restriction of -0^^ to the closed fiber must be nontrivial. 
Therefore the extension ^Rotp^j^ of tt^Ck°'^k^ to 5 has nontrivial restriction 

(2) (2) 

to the closed fiber. The extension ipj^ of ipj^ also has nontrivial restriction 

(2) 

to the closed fiber since is a flat family of stable ADHM sheaves. Then 
(j3.9p implies n = 0. 

In conclusion the isomorphism '■ E^^^ extends to a morphism 

of Oxfl -modules : E^j^^ — > E^^^ with nontrivial restriction to the central 
fiber. 

Recall that is an morphism of ADHM sheaves on Xx, i-e. the diagrams 
(j2.ip for fj^"* and are commutative. Moreover, E^\e^^^ are torsion 
free Ox^ -modules since they are flat over S, and torsion free along each 
fiber. Then it follows that .^/j is a morphism of ADHM sheaves on Xpi since 
a section of a torsion free sheaf which vanishes over an open subset must 
vanish everywhere. 

In particular the restriction ^rIx^ '• ^R^lxk ~^ ^r^Ix^ of to the closed 
fiber is an automorphism of stable ADHM sheaves. Since we have already 
established that (,R\xk is nontrivial, it must be an isomorphism according to 
lemma (I2.3l z.) Then lemma ()3.10p implies that is an isomorphism. 

Proposition ()3.9p implies that TlADHMi^ , P) is of finite type over C as 
an Artin stack. Since the category of algebraic spaces is a full subcategory 
of the category of Artin stacks, this further implies that ^)ytADHM{'^ , P) is of 
finite type as an algebraic space. Alternatively, this follows from the proof 
of lemma (|3.1ip below forgetting the equivariant structure. 

□ 



3.3. Torus Actions and Fixed Loci. Since the moduli space of ADHM 
sheaves is not proper, an algebraic torus action with proper fixed loci will 
be required in order in order to obtain a well defined residual theory in the 
sense of [18] . Let us start with a general result. 

Lemma 3.11. Suppose we have an algebraic torus action T xTl ad H M , P) 
^adhm{'^ , P) so that the natural smooth atlas R ^adhm provided by 
proposition 13. 9\) is T -equivariant. Then the algebraic space ^J01adhm{^ , P) 
admits a T -equivariant etale atlas t : 5 — > dJlAOHMi'^ , P) where S is scheme 
of finite type over C equipped with an algebraic T-action. In particular 
there exists a finite collection of T- equivariant etale morphisms {ta ■ Sa — 
^adhm{X, P)} , a € A, with Sa affine of finite type over C which cover 

VnADHM{X,P). 

Proof. Let V be any affine etale atlas of TlADHMi'^ , P), where F is a 
scheme over C. Then S = R XmAOHM p) ^ again an etale atlas of 
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^adhm{'^ , P)- Moreover 5 is of finite type over C since R is quasi- 
projective, and S ^adhm{'^ , P) is T-equivariant since R ^adhm{^ , P) 
is T-equivariant. 

□ 

Next let us provide two explicit examples of algebraic torus actions. 

Example 3.12. LeiT = C^xC^ and define an action T xTl ad HAii^ , P) — > 
TlADHMiX,P) by 

(3.10) iEs,^s,i,^s,2As,i^s) {Es,ti<^s,i,t2'^s,2,ht2(ps,i^s) 

for any (ti,t2) G T(5) and any flat family £s = {Es,^s,i,2As,' ^s) of 
stable ADHM sheaves. Note that in this case the hypothesis of lemma i3.12\) 
is satisfied i.e. there is a natural T-action on R so that the universal family 
Er is T-equivariant. 

Example 3.13. Suppose Eao = ©a=i-^^a, where r^o € Z, r^o > 1, and La, 
a = I,... ,roo, are invertible Ox-modules. Let T = x x (C^)''°°~^. 
There is a natural torus action 

given by the identification of {C^y'°°~^ with the hypersurface 

a=l 

in {CY'^. This provides a (C^)'^°°"i action ^oo : {Cy^''^ Aut(£;oo) 
given by 

^ooU)|l, = ZalLa 

for any a = 1, . . . ,rao, where z = {za)a=i,...,roo ^ (C^)^°°"^. Using the above 
presentation of the torus {C^Y°°~^ , its characters will be denoted in the 
following by m = (mi, . . . , rur^) G 1/'°° . 

If S is a scheme of finite type overC, we will denote by {^od)s ■ {C^Y°° ^{S) - 
Aut{Es) the relative version of this action. Then we have a natural torus 
action on TIadhm{'^ , P) given by 
(3.11) 

{Es,^S,l,^S,2,(l)S,'>Ps) {Es,ti^s,l,t2^S,2,tlt2{Coo)s{z)o4'S,i^S<oo{z) ^) 

for any {ti,t2,z) G T{S) and any flat family £s = iEs,^s,i,2,(ps,'4's) of 
stable ADHM sheaves. 

Remark 3.14. Note that the actions defined in examples Ii3.12\) . ^3.13\) 

coincide if E^o is a line bundle on X. 

The following proposition shows that the fixed loci of the action defined 
in (jS.lSp are proper if X is a curve. In this case the Hilbert polynomial P is 
determined by the rank r > 1 and the degree e G Z, and the moduli spaces 
will be denoted by dJlADHMi'^ , r, e). 
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Proposition 3.15. Let X he a smooth projective curve overC, and suppose 
Eoo = (B[^iLa as in example h3.1!^) . Then the fixed locus SO^(Af , r, e)'^ of 
the torus action given in example ^3.13\) is a closed algebraic subspace of 
Dyi{X,r,e) isomorphic to a projective scheme over C 

Proof. A standard argument [231 Sect 1.1] shows that 9Jt(r%', r, e)'^ is a 
closed algebraic subspace of r, e) if , r, e) is separated. Therefore 

it is separated and of finite type over C. 

We will rely on |63j for a systematic treatment of group actions on stacks. 
Let 5" be a scheme of finite type over C. A fixed point in dJl{X,r,e){S) is 
an isomorphism class of a flat family of stable ADHM sheaves £s on Xs 
equipped with an isomorphism of ADHM sheaves 

^S{tl,t2,z) : iEs,'^S,l,'^S,2,(l)S,i^s) {Es,ti^s,l,t2^S,2,tlt2(i)S,i^s) 

for each {ti,t2,z_) G T{S) satisfying a natural cocycle identity. 

In particular, we have a group homomorphism ^5 : T(S') — > Aut{Es) i.e. 
a T(S')-action on £^5. Therefore, according to [21], £^5 decomposes in a 
direct sum of Cxs"™odules 



(3.12) 



^5= Es{nun2,m) 



where only finitely many terms are nontrivial. An element {ti,t2,z) S T(S) 
acts by multiplication by t^H"^^ z'^K . . zl^^^^ on Es{ni , ?i2 , m) • Moreover 
each direct summand Es{ni,n2,rn) must be flat over 5 since Es is flat over 
S. 

By definition the restriction of £3 to any fiber Xg, s (z S, is a stable 
ADHM sheaf £s on the smooth projective curve Xg over the residual field 
k{s). Since Es is flat over S, the restriction S.si'ti,t2, z)\xs is an isomorphism 
of stable ADHM sheaves 

^s{h,t2,z) ■■ {Es,^s,l,^s,2,4>s,'4's) {Es,ti^s,l,t2^s,2,tlt2(ps,'4's)- 

In particular we have the following commutative diagrams of -modules. 
(3.13) 



Es (Mi), 
Es (^Xs (Mi), 



■Es 



Es 



(E. 



Es 



Es 



Es (M12) 

6(tl.*2,2)®l(Mi2)3 



{Eoo)s 



Es 0Xs {Mi2)s — (^00). 



for any t = {ti,t2,z) S T{S) and i = 1,2. 
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The commutative diagrams ()3.13p imply that the only nontrivial com- 
ponents of ^s,i,2,4's,'4^s with respect to the character decomposition (j3.12p 
are 

^s,iini,n2,rn) : Es{ni,n2,m) {Mi)s Es{ni + l,n2,m) 
^s,2{'^i,n2,in) : Es{ni,n2,m) 0Xs (^^2)5 ^ Es{ni,n2 + l,rn) 
),(-!, -l,^ : ^,(-1, -l,r) ®Xs {Mu)s ^ {La)s 

Ma) : (L„), ^S,(0,0,r) 



(3.14) 



where 



r = (0,0,. ..,0,-1,0,. ..,0) 



a-1 Too— a 

for a = 1, . . . , Too. In particular note that 

Im(V^,) C 0^,(0, 0,r)- 

a=l 

Moreover, the following relations must also be satisfied 

^s,2{ni + 1,^2, m) o ($^^i(ni,n2,m) 1(M2)J = 
^s,i{ni,n2 + l,m) o ($^,2(^1, ^2, m) 1(Mi)J 

for any (ni, 712) € Z?,q and any m € Z*""" . 

Then it follows from the first two equations in (I3.14P that the canonical 
destabilizing subsheaf {Es)q constructed in lemma (|2.4p is a subsheaf of 

Too 

^Esini,n2,n. 

ni,n2>0 a=l 

Given the direct sum decomposition (j3.12p . where the terms are torsion free 
sheaves, the stability condition implies that 

Es{ni,n2,m) = 



if Til < or 77-2 < or m 7^ 5°". Otherwise, the saturation {Es)q would be a 
proper subsheaf of Es ■ Therefore we must have 4>s = for any fixed ADHM 
sheaf. 

Taking into account relations (|3.15p . same argument implies that the sat- 
urations 

Im($,,i(ni,n2,r)) ^ ^.(^i + 1,^2, 5"^) 



Im($,,2(ni,n2,r)) C S,(ni,n2 + 1,5") 
must be equal to Es{ni + l,n2,^°), respectively Es{ni,n2 + l,^'') for any 
(ni, n2) G Z>0) ^-iid a = 1, . . . , r^o- Moreover the saturation 



Im(V'.(a)) C ^,(0,0,r) 

must also be equal to EgiQ, 0,^") for any a = 1, . . . , Too- Since {La)s, a = 
1, . . . , Too are line bundles on Xg, and Xg is a smooth projective curve over s. 
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this implies that the data {Es{ni,n2,S"'),^s,iin'i,n2,a),ipsio-)) satisfies the 
fohowing conditions 

(a) All nontrivial direct summands {Es{ni,n2,d"') in (j3.12p are invertible 
-modules. 

(6) The morphism of Oxs-modules V's(o) rnust be injective for all a = 

I5 • • • ! '"00 • 

(c) The morphisms of Ox^-modules ^s{n'i,n2,S°') must be injective for 
any a = l,...,roo and any (ni,n2) G Z?,q so that the target is 
nontrivial. 

(d) Relations (|3.15|) must be satisfied. 

Note that the degree of each line bundle Es{ni,n2,S°') is constant along 
each connected component of S since Es{ni,n2,S"') are flat over S. For sim- 
plicity we will assume in the following that S is connected. The arguments 
below generalize obviously to the case when S has several connected com- 
ponents. Let e(ni,?i2,a) = deg-Es(ni, n2,^"). For each a = l,...,roo let 
Aa the set of pairs (rai,n2) € so that the direct summand Es{ni,n2,S"') 
in (|3.12p is nontrivial. 

Let Z be the moduli space of isomorphism classes of data 

(L(ni, n2, a), $i,2(ni, n2, a),tp{a)) 

with a = 1, . . . , Too and (ni, 712) G Aa so that 

• L{ni,n2, a) is a line bundle on X of degree e{ni,n2,a). 

• <I>i(rii,n2,a) : L{ni,n2,a) Mi L{ni + l,n2,a), ^2{ni,n2,a) : 
L{ni,n2,a) M2 L{ni,n2 + I, a), il)[a) : La L(0, 0, a) are 
injective morphisms of Ox-modules for any a = 1, . . . , r^o and any 
(ni,n2) € Aq whenever the target is nontrivial. 

• $2(^1-1-1, n2,a)o($i(ni, 712, a)(8)lM2) = re2-|-l, a)o(<l)2(ni, n2, a)(8) 
1mi) for any a = 1, . . . , Too and any (ni, 712) S A^. 

Note that Z is a proper scheme over C since by construction it is a closed 
subscheme of a certain direct product of symmetric powers of X. Moreover 
Z is a fine moduli space i.e. there is a universal object on Z x X. This 
follows from the fact that the symmetric product d > 1 is a fine 

moduli space for degree d effective divisors on X. 

Then we claim that 9Jtyi£)/fA/(A', r, e)'^ is isomorphic to the projective 
scheme Z. Clearly, the structure results for T-fixed 5- valued points of 
'^ADHM{X^r,e) proven above imply that any such point [Eg] determines 
a morphism 5 — > Z so that the data {Es{ni,n2-,a)^(^s,i,2{'ni,n2-,a),il){o)) 
is isomorphic to the pull back of the universal data on Z. Conversely, any 
morphism 5" — > Z determines a set of data Ls{ni,n2, a), ^sini,n2, a),^ps{0'), 
a = 1, . . . , Too, {ni,n2) G A^ satisfying conditions analogous to (a — c) above 
and relations (|3.15p . up to isomorphism. 
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Then the data 



Es 



'a=i ©(ni,n2)eA, Ls{ni,n2,a) 

'a=l ®(ni,n2)GA, %,1,2 




determine an ADHM sheaf £3 on Xs with ^5 = 0. Note that the restric- 
tion £s\xs to each fiber Xg is a stable ADHM sheaf since the saturation of 
the canonical destabilizing subsheaf {Es)q is equal to Eg by construction. 
Moreover, one can easily check that [£3] is a fixed point with respect to the 
T action defined in example (|3.13p . 



4. Deformation Theory of ADHM Sheaves on Curves 

In this section we provide some basics on deformation theory of ADHM 
sheaves on curves. Therefore in the following X will be a fixed smooth 
projective curve over C of genus g. Our main references for deformation 
theory are [6], [7], 08]. 

The following observation will be very useful throughout this section. 

Lemma 4.1. Suppose X is a smooth complex projective curve. Let £3 he a 
flat family of stable ADHM sheaves on X parameterized by a scheme S of 
finite type over C. Then Es is a locally free Oxs -''module. 

Proof. Since £3 is a flat family of stable ADHM sheaves, it follows that 
Es\xs is a torsion free Ox-module, for any point s E 5. Since X is a smooth 
projective curve, this implies that Es\xs is locally free. Then lemma (j4.ip 
follows from |40l Lemma 2.1.7] since Es is flat over S. 



4.1. Deformation Complex. Let 5 be a scheme of finite type over C. In 
the following we will call a nilpotent thickening of S a scheme S' of finite 
type over C so that 

• S" is a scheme over S 

• there is closed embedding 5 C 5" of schemes over S so that the 
defining ideal sheaf / of 5* in S' is nilpotent. 

Note that if these conditions are satisfied, the projection tts'/s '■ S' ^ S 
is a finite morphism. Therefore it follows from the base change theorem 
that higher direct images vanish and tts'/s* is an exact functor from Os'- 
modules to O^-modules. Moreover, the induced projection i7rs'/s)x ■ ^s' ~^ 
Xs satisfies the same properties. For simplicity we will not explicitely 
write {tts'/s)x* in the following. Given a Ox^z-module F we will denote 
{tts' /s)x*F also by F regarded as a Oxs-module. The same conventions 
will apply to morphisms of Ox^/ -modules. In particular we have a canoni- 
cal exact sequence of Os'-modules 



□ 



□ 



^ I ^ Os' ^ Os ^0. 
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Since we have a closed embedding S ^ S' of schemes over S, it follows that 
there is a canonical splitting of Os-modules Os' — Os © /• In the following 
we will identify Os' = Os © I as 05-modules. 

Given a coherent O^-module /, the trivial nilpotent thickening of S de- 
termined by / is the nilpotent thickening 5' so that Os' = Os © / as Os- 
modules, the ring structure of Os' being determined by 

(4.1) (s, x) ■ (s', x') = {ss', sx + s'x') 

for any local sections s, s' of Os and x, x' of /. In particular = with 
respect to the multiplicative structure of Os' ■ 

Definition 4.2. (i) Let £s 0, flat family of stable ADHM sheaves on X 
parameterized by a scheme S of finite type over C and let S' be a nilpotent 
thickening of S. An extension of £s to S' is a flat family £s' of stable ADHM 
sheaves on X so that £s' ^S' Os = £s- 



(ii) Two extensions ^5/ , ^5/ of £3 to S' are equivalent if there exists an 
isomorphism ^5/ : £'^} £'^^ of ADHM sheaves on Xs' so that Cs'\xs — 



^(1) p(2) 

ymorphism ^5/ : £'^} 
Us- 

Definition 4.3. Let £^\£^^ be two flat families of ADHM sheaves on X 
parameterized by a scheme S of finite type overC and let L be a coherent Os- 
module. We define the complex C{£^\£'^\ L) to be the following complex 
of Oxs -modules 
(4.2) 

HornxsiE^S ^ ^Xs {Mi)s,Ef ®Xs I) 



HomxsiE^s^ (^Xs{M2)s.Ef <^xsl) 
^ Homxs {E^s ' 4 ®XsI) ^ ® 

nomxs{Ef ®xs {Mi2)s, {Eoc)s ^Xs I) 

© 

Ef ®xs I) 

^HornxsiE^s^ ^Xs {Mi2)s.Ef ®Xs 1)^0 
where 

di{a) = \-ao + (cDg) ® 1,) o (a ® \m,)s)^ 
- a o $g) + ($g) ® h) o (a ^ \m,)s). 
{(t)f 1/) o (a l(Mi2)s)' -« ° V's ^) 
for any local section a of 'Homxg{E^\ E^^^ ^Xs '^^^ 

d2(/?l,/32,7,<5) =Pl o (<fg^2 ^ l(MOs) - (^s'2 ^ 1/) ° ® l(M2)s) 

- P2 o (^gl l(M2)s) + (^S ® 1/) ° (/32 ® l(Mi)s) 
+ (Vs ^ «) 1/) o 7 + 5 o <^g) 
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for any local sections /32, 7, (5) of 

Homxs{E^P (^Xs {Mi)s,eP (^Xs I) (BrLomxsiE^P ^Xs {M2)s.Ef (^Xg I) 

e nomxs{E^P ®Xs {Mi2)s, {Eoo)s ®Xs I) © Homxg ((^00)5, Ef ®Xs I), 

The degrees of the terms of (j4.2p are 0,1,2 respectively. 

In the following we will use the following notation conventions. 

• Ifl = Os, we will denote C{S^g\£f\l) by C(4^\4^^). 

• //4^^ = = ^s, we will denote C{£^g\s'^g\ I) by C{£sJ). 

• If £^g^ = 4^^ — o-iT-d I = Os, we will denote C{£'g\£g'\ I) by 
C{£s). 

Remark 4.4. Under the conditions of definition lji4-3^ , suppose S' is a nilpo- 
tent thickening of S and I is the ideal sheaf of S in S' . Let £$ be a flat 
family of stable ADHM sheaves on X parameterized by S, and let £^1 be 
an extension of £3 to S. Then the ADHM sheaf £31 has a natural struc- 
ture of ADHM sheaf on Xg as explained above definition Therefore 
we can take 4^^ = ^s, 4^^ ~ definition ([T^ obtaining a complex 

C{£s,£s'i I) of Oxs-mnodules. 

Proposition 4.5. (i) Let £$ be a flat family of stable ADHM sheaves on 
X parameterized by a separated scheme S of finite type over C, let S' be a 
nilpotent thickening of S and let £gi be an extension of £$ to S' . Then £gi 
determines a hypercohomology class t{£s,£s',L) G M^{Xs,C{£s,£s', L)). 

{ii) Let 4'\4^^ ^^'^ extensions of £3 to S' . Let ^s' '■ 4'^ ~^ ^'s'^ ^ 
morphism of ADHM sheaves on Xg' so that 5,s'\xs — ^£s- Then there are 
natural induced morphisms of hypercohomology groups 

(4.3) es'.-^HXs,C{£s,£^s' ^I)) ^n\XsM£s,£f,\l)) 
with k G Z>o, so that 

Proof. Suppose £s' = (Es' ,^s', 1,2, (I^S' ^i^S') is such an extension. Since 
Eg/ is a locally free Oxg/ -module according to lemma ()4.ip . we have an 
exact sequence of Oxg/ -modules 

^ Es' I ^ Eg' ^ Es ^ 

which yields an exact sequence of -modules 

(4.4) ^ Es' ®xs I^Es' ^Es^O. 

Since Os' = Os ® I, as Og-modules, we also have a canonical identification 



{Eoo)s' = {Eoo)s e (^00)5' ®Xs I 
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as Oxg-modules. By construction the following morpliisms of Cxg-modules 

are obviously trivial 

(4.5) 

Es' ®xs {Mi)s ®xs Es' ®xs {Mi)s Eg' — - Eg 

Es' ^Xs {Mi2)s ^Xs Es> 0Xs {Mi2)s (^oo)s' — - {Eoo)s 

(^oo)s' <S)Xs I' {E^)s' — Es' Es 

where i = 1,2. 

The extension of -modules (14. 4p determines an extension class in 
Ex.tx^{Es, Es' <S)Xs I)- Since Es is locally free according to lemma (|4.1|) . 
we have 

E^t\ ^{Es,Es' ®xs I) ~ H\Xs,nomxs{Es,Es' ^Xs I))- 

Since 5 is separated and of finite type over C, there exists an afhne Cech 
cover Us = {Us,a} of Xs- Given an open embedding, Us,ai...ag C Us,ai...ap 
with p < q, we will denote the restriction of any Ojjs „^ „ -module or mor- 
phism of Ous ^p-modules to Us,ax...aq by a subscript (ai . . . aq). 

By restriction to each affine open subset Us,a C Xs, the morphisms of 
Cxs -modules ^s,i, 4>S, i'S yield Cech 0-cocycles {{^s,i)a}, {{i^s)a}- 

Next note that the restriction of the extension (14. 4p to any affine open 
subset Us,a is trivial since Es is a locally free -module. Therefore we 
can choose local splittings 

(4.6) {Es' 0xs I)a {Es')a r {Es)a 

Va 

where rj = {t^^} e C^(Us,nomxs{Es, Eg')). Then 

e = {ea/3} = {iSr])af3} e C^{Us,nomxs{Es,Es' 0Xs I)) 

is a 1-cocycle representing the extension class determined by ()4.4p . 
The local splittings {rja} determine local isomorphisms 

■ Es © {Es' i^Xs I)a ^{Es')a 

where ts ■ Es' ®Xs ^ ~^ Es' is the canonical injection of Oxs modules in 
()4.4p . Moreover, we have commutative diagrams of Ojj^^ modules of the 



32 



D.-E. DIACONESCU 



form 
(4.7) 

{Es e Es' (^Xs I)a ®Us^ m.)s)a m^)s)c 



(Aa)i 

{Es e Es' 0xs I)c 



(l-s',,)" 



{Es e Es' ^Xs I)a ®Us,. mi2)s)a ^""'^^'''^"^^'""'''^'"^ {Es')a ^s,. mi2)s)a 

, (</'S')° 

l({Eoo)s)(i®l((Scx))5/®Xc-f)" 

((^00)5)^ e ((-^00)5' ®Xs I)a ^ i{Eoo)s)a ((^00)5' I)a 

i{Eoo)s)a © ((^00)5' <S)Xs I)a ^ iiEoo)s)a © ((-^00)5' ®Xs I)a 



pa 



{Es © Es' (S)Xs I)a 



'7Qffi('-s)a 



{Es')a 



for z = 1,2. Since the morphisms (|4.5|) are trivial, {A^} , {Xa} , {pa} are 
0-cochains of the form 



(4.8) 

(A,), 



(%,*)« 

{^a)i {^S',i)a ® lla 



{<Ps)a 
(pa {(pS')a ® 

{i^s)a 



G C\Us,nomxs{{Es © ^5' ®Xs ^) ®Xs (M,)5, 

Es © ^5' ^Xs /)) 
G C\Us,nomxs{{Es © ^5' ©Xs /) ©Xg (Mis))^, 

(^00)5 © (^00)5' ©Xs /)) 
G C°(W5, Womxs((£^oo)s © {Eoo)s' ©Xs /, 

£;s © Es' ©xs -f)) 



with i = 1,2, satisfying the conditions hsted below. First, we have gluing 
conditions 



{gs)afi{{Ap)i)afi = {{^a)i)afi{gS,i)aP 
(4.9) {{goo)s)ap{^l3)al3 = (Aa) a/3 (95,12)0/3 

{9s)ap{Pp)al3 = {Pa)ap{{9oo)s)al3 
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where 



{{9oo)s)af3 - 1 1 



for i = 1, 2. In addition, the ADHM relation 

° (%',2 «) l(Mi)s) ~ ^5',2 o (^'S',! l(Af2)s) + ^5' o (/)5, = 

is equivalent to the following condition 

$l($5,2 O l(Mi)s) - (^5',2 ® ® l{M2)s) 

(4.10) - $2(^5,1 «) l(Af2)s) + (^SM 1^)(^2 «) l(A./i)s) 
+ ('(/'5/ (g) l/)(^ + V'^S = 

A simple computation shows that the conditions (j4.9p are equivalent to 
5i^s,i) = -e<^s,i + {'^s',i ^ l/)(e ^ l(Mi)s) 

(4.11) 6{^s) = i^s' ® l/)(e ^ l(Mi2)s) 
'5(V'5) = -eips 

where i = 1,2. 

Note that equations (j4.10p . (j4.10p imply that the collection of cochains 
^e, $1, V'^ defines a 1-cocycle in the total hypercohomology complex 
associated to the complex of 05-modules (j4.2p . i.e. we have 

,5(e)=0 di(e) -5($i,2,0,V^) =0 ^2(^1,2 J, V^) = 0. 



Next suppose we make a different choice of local splittings {?7^} in (|4.6p . 
Then note that the difference {-ja = rj'^ — ija} is a 0-cochain 

{7a} e C°{Us,nomxs{Es,Es' ^Xs I))- 

An elementary computation shows that the cocycle e and the cochains 
change as follows 

e' — e = 5(7) 

$i - = -7^S,i + {^S',i ® l/)(7 l(M,)s) 
(P' -<P= {(t>S' ® l/)(7 ® l(Mi2)s) 

V'' - V' = -TV'S 
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for i = 1,2. Therefore it follows that the hypercohomology 1-cocycle ^e, $i, ^2 
changes by a coboundary in the total hypercohomology complex associated 
to (32]), that is 

e' — e = (5(7) 

^1,2,^,4') - ($1,2,^,-^) =di(7)- 
This proves proposition (j4.5[ i). The required hypercohomology class is 



e,^i,^2,(l),ip 



In order to prove (j4.5[ ii) let ^^V, S^gi^ be extensions of £3 to S', and let 
^S' ■ be a morphism of ADHM sheaves on X so that ^s'\s = ^£3- 

Since ^5' is a morphism of ADHM sheaves, it induces a natural morphism 
of complexes of -modules 

which induces in turn the morphisms (j4.3p . 

It remains to check that maps the class e{£s,£^g) ,1) to e{£s,£'^} , I). 
Let {r]^a^} £ C^{Us,'Homxs{Es, E^^})) be local splittings as in ([46]) for 



the extension (|4.4p with Eg' 



E^^} . Since £,s'\s 



l£g, the 0-cochain 



provides analogous local splittings for the extension (|4.4p with i?^/ = E^, . 
In particular this implies that 



(1) 



Moreover we have commutative diagrams of Ojjg „ modules 



(4.12) 



{Es e ^Xs I)a 



Es' 



l(Bs)cffi({?S')c«>l7c) 



(i?5 



f(2) 



in which the horizontal arrows are isomorphisms. Then, using the commu- 
tative diagrams (j4.7p . (j4.12p and the fact that ^5' is a morphism of ADHM 
sheaves, a routine computation yields the following relations 



((^sOa^l/JoV^, 



(i)V 













MODULI OF ADHM SHEAVES AND LOCAL DONALDSON- THOMAS THEORY 35 

Obviously, these relations hold for any choice of local splittings {rja^}. 
Since ^5/ is a global morphism of ADHM sheaves, this implies that indeed 

□ 

Remark 4.6. Under the hypotheses of proposition ^.5\ i ), suppose S' is 
the trivial nilpotent thickening of S determined by a coherent Os-niodule I. 
Then we have a canonical isomorphism C{£s, £s', I) — C{£s, I) since 1^ = 
in the ring structure of 0$' , therefore £$' ®Xs I — ®Xs ^- particular, 
in this case the complex C{£s^£s' ^I) is independent of £$' ■ 

Corollary 4.7. Let £3 he a flat family of stable ADHM sheaves on X param- 
eterized by an affine scheme S of finite type over C, and let S' he the trivial 
nilpotent thickening of S determined by a coherent Os-module I. Then there 
is a one-to-one correspondence between equivalence classes of extensions £3' 
of £s to S' and hypercohomology classes in M^{Xs,C{£s, I))- 

Proof. Proposition (|4.51 i) implies that any extension £31 determines a hy- 
percohomology class t{£s,£s' , I) G ^^{Xs,C{£s, I))- Moreover, (j4.5i M) im- 
plies that equivalent extensions determine identical hypercohomology classes. 

Conversely, let e G U\Xs,C{£s, I)) and let 

C\Us,nomxs{Es,Es O^xs I)) 

e 

C'^{Us,nomxs{{Mi)s (^xs Es,Es ®Xs I)) 

e 

(e,$i,$2,0,V') e C^{lls,nomxs{{M2)s ^Xs Es,Es ®xs I)) 

e 

C^{Us,nomxs{{Mi2)s (^Xs Es, (^00)5 ®Xs I)) 

e 

C'>{Us,nomxs{{Eoo)s,Es 0xs I)) 

be a hypercohomology 1-cocycle representing e. In particular 5(e) = 0, 
therefore e determines an extension class 

(4.13) [e] € H\Xs, nomx.iEs, Es 0Xs I)) - Ext^^(^5, ^5 ®Xs I)- 

This determines in turn an equivalence class of extensions of Oxs-^odules 
of the form 

^ Es ®xs I^E's^Es ^ 0. 

Let us consider such an extension with the property that there exist local 
splittings {r]a} € C^{Us,'Homxs{Es, Es')) as in (j4.6p so that 

6{r]) = e. 

The data (^{(^a)i}, {<Pa}, {i^a}^ satisfying the relations (I4.11|) . (|4.10p de- 
termines 0-cochains {{Aa}i, {Aq}, {pa}) as in (|4.8p satisfying relations (|4.9p . 
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Then using the commutative diagrams of the form (14. 7p , in which the hori- 
zontal arrows are isomorphisms, we obtain local morphisms 

i^ka {{Eoo)s')a ^ {E's)a 

for 1 = 1,2. Moreover, relations (fO|) imply that (^{^'s,i,a}^ i'f''s,a}^ {'^'s,a}) ^ 
i = 1,2 are in fact 0-cocycles. Therefore they define global morphisms of 
-modules 

$'5,, : E's (S)xs {Mi)s ^ E's 

(4.14) 4>'s : E's ®xs {Mi2)s ^ (^00)5' 

i^'s ■■ iEoc)s' ^ E's. 

which satisfy the ADHM relation, according to relations (j4.10p . Moreover, 
by construction the morphisms of Oxs-modules is^js in (|4.13p yield natu- 
rally morphisms of ADHM sheaves on Xs- 

Next let us prove that E's has a Oxg/ -module structure, and the mor- 
phisms (I4.14P are morphisms of Oxg, -modules. Since E's is an Oxs by 
construction, and we have a canonical splitting Os' — O5 © I, it suffices to 
define multiplication by local sections of /. According to \69\ Lemma 3.4], 
E's this is given by 

x-u = LsUsiu) x) 

for any local sections x, u of /, E's respectively. Therefore E's has indeed a 
structure of Ox^, -module. 

We also have to prove that the morphisms ^'s 4''s''^'s morphisms of 
Ox^/ -modules. Let us check for example that are morphisms of Oxg, 
modules, for i = 1,2. The proof for (p's,'4''s is the identical. Since Ls,js are 
morphisms of ADHM sheaves on Xs, we have 

^'s^iix ■ u) = ^'s^LsUsiu) x)) = Lsi{<^s,i ® 'i-i){js{u) ® x)) 

(4.15) = is{^S,iijs{u)) (g) x) = i5(i5(^5,iW) ® 

Therefore $5j, i = 1,2 are indeed morphisms of Oxg/ -modules. 

In order to finish the proof note that E's is flat over S' according to 
|69l Lemma 3.7]. Moreover, a routine computation shows that different 
hypercohomology cocycles representing e yield equivalent extensions. 

□ 

Next let us determine the obstructions in the deformation theory of sta- 
ble ADHM sheaves. Recall [6], |48j that a standard deformation situation 
consists of a sequence of closed embeddings of schemes over S 



(4.16) 



S cS' cS' 
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where 5 is a scheme of finite type over C, and S', S" are nilpotent thickenings 
of S. We win assume in the following that S is also separated over C. 

Let IscS', IscS", Is'cS" be the ideal sheaves corresponding to the closed 
embeddings S C S' , S C S" and S' C S" respectively. We will assume that 
that IscS" ■ Is'cS" = in Os", hence in particular I's'^s" ~ Therefore 
Is'cS" has a Os-module structure, and we have an exact sequence of Os- 
modules 

(4.17) Is'cS" IscS" IscS' 0. 

Suppose we have a flat family £s' of stable ADHM sheaves on X pa- 
rameterized by S", which restricts to a given family £s over S. Recall that 
Es, Egi are locally free Oxg, respectively Ox^/ -modules. Moreover, since 
the projection morphism S" — > is finite, the base change theorem implies 
that Es' is also a locally free OjCs-module. Then the exact sequence of 
05-modules (I4.17P yields an exact sequence of complexes of -modules 

(4.18) ^ C{£s,8s'.ls'cs") ^ C{£s,£s' JscS") ^ C{£s,£s' .IscS') ^ 0. 
Note that we have a canonical isomorphism 

Ci£s,Ss',Is'cs") ~ C{£s,£s,Is'cs") 

of Os-modules since I'^i^gu = 0. Therefore (I4.18P yields a long exact se- 
quence of hypercohomology groups which reads in part 

■■■^n\Xs,C{£s, £s' , IsGS" ))^M\Xs, C{£s , £s' , IscS' ) ) 

(4.19) „ 

-^lf{Xs,Ci£s,£s,Is'cS"))^--- 
According to proposition (14.51 i). the data {£s,£s',IscS') determines a hy- 
percohomology class e{£s,£s',lscs') G ^^{Xs,C{£s,£s',IscS')- 

Definition 4.8. Given a deformation situation (j4.16p . a flat family £s and 
an extension £s' to S' , we define the obstruction class 

ob{£s',S',S") G M''{Xs,C{£s,£s,Is'cS")) 

to be 

ob{£s>,S',S") = d{t{£s,£s',Iscs'))- 

Proposition 4.9. £s' can be extended to a flat family of stable ADHM 
sheaves on X parameterized by S" if and only if ob{£s', S' , S") = 0. 

Proof. For the direct implication, suppose that the family £s' extends 
to a flat family £§'/ of stable ADHM sheaves on X parameterized by S" so 
that £s" 'Sxgtr ^Xgi = £s'- Then, according to proposition (I4.5[ i). we have 
hypercohomology classes 

K£s,£s",Is(iS") C M^{Xs,C{£s,£s" ,lscs")) 

t{£s,£s',Iscs') c m\Xs,Ci£s,£s',Iscs')) 

and it is straightforward to check that t{£s,£s" , IscS") is a lift of t{£s, £s' , IscS') 
in the exact sequence (14.19p . Therefore ob{£s, S' , S") = 0. 
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Conversely, suppose £s' is an extension of £s to S' so that 

d{z{8s,£s'Js<zs')) = ^. 

Then there exists a hft e" of t{£s -,£3' ICSes') ii^ the exact sequence ()4.19p . 

Let {ry^} G C^{Us,'HomXs{Es, Es')) be local splittings for the extension 
of 05-modules 

Es' <S^Xs IscS' — ^Es' — > E's — > 

and let {e' ,^[,(1)' be the corresponding hypercohomology representa- 
tive of ({SstSs'jIscS') constructed in the proof of proposition ()4.5[ i). Let 
{{e" , (j)" ,ip")} be a hypercohomology representative of e{£s,£s' ^ ^ScS') 
which maps to {e' under the natural morphism induced by the 
projection IscS" ^ IscS'- 

The 1-cocycle e" G C^{L{s,'HomXs{Es, Es' ®Xs IscS")) determines an 
equivalence class of extensions of -modules of the form 

Es' ®xs IscS" — ^Eg Es ^ 0. 

Let Eg be such an extension equipped with local splittings {r]'^} € C^iUs-, Ti-omxg {Es, Eg)) 
so that 6{r]") = e" . Then, proceeding by analogy with the proof of corollary 
()4.7p . one constructs morphisms of -modules 

^l,:E'^(^Xs ms^E'^ 
cl)"s : E'l.®xs (Mi2)s ^ {Eoo)s" 
'ips '■ iEoo)s" E's- 

satisfying the ADHM relation. 

Next let us prove that the data {Es,^s i,4>s^i's) ADHM sheaf on 

Xs" which extends £s'- Note that on each affine open subset Us,a we have 
a diagram of C^/g ^-modules 

(4.20) {Es)a © {Es')a (^Us,o. iIscS")a ''-^^^^ {E'^)a 

{Es)a © {Es')a ^s,. {IscS')a ^-^^^^ {Es>)a 

in which the horizontal rows are isomorphisms. Therefore there exist lo- 
cal surjective morphisms ja '■ (-£'5)0 — {Es')a which complete (j4.20p to a 
commutative diagram of O^/g ^-modules. Furthermore, using the fact that 
es" is a lift of e^' under the natural morphisms induced by the projec- 
tion IscS" IscS'i a simple computation shows that the morphisms {ja} 
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agree on overlaps. Therefore we obtain global surjective morphism of Oxs 
modules js ■ E'^ Es' which fits in a commutative diagram of Oxs 
modules 

E's ®xs Iscs" E'^ Es 

^ Es' ®xs IscS' ^ Es' ^ Es ^ 

in which the horizontal rows are exact and the vertical arrows are surjective. 

Since Eg is a Oxs-module by construction, and we have a canonical 
splitting Os" = Os © IscS", it suffices to define multiplication by local 
sections of IscS"- According to [Ml Prop. 3.f3] this is given by 

x" ■u = i'^{{js®li^^^„){u®x")) 

for any local sections x",u of IscS"^ Eg respectively. Then a computation 
identical to (j4.15p shows that ^'s 4''s ^ i^s morphisms of O^/'-modules. 

In order to finish the proof, note that Es" is flat over S" according to 
lemma \69\ Lemma 3.7]. 

□ 

Next we prove a vanishing result needed later in the proof of virtual 
smoothness. 

Lemma 4.10. Suppose X is a smooth projective curve over C, and let 8 he 
a stable ADHM sheaf on X. Then W-{X,C{8)) = 0, for all i > 3 and for all 
i < 0. 

Proof. Let us first prove vanishing for i > 3. C{£) is obtained by setting 
S = Spec(C) and I = Os in definition (j4.3p . Since the degrees of the 
three terms in (|4.2p are 0,1,2 respectively, it follows that all terms E^'"^, 
p + g > 4 in the standard hypercohomology spectral sequence are trivially 
zero. Therefore M^(X,C{£)) = for i > 4. Moreover, the only nonzero term 
on the diagonal p + q = 3 is 

eI'^ = H\X, HomxiE ®x Mu, E)). 

The differential 

d}'^ : El'' El'' 

is the map 

{X, Homx {E (g)x Mi,E)) 



H^iX,nomx{E(S)x M2,E)) 

H\X, HomxiE ®xMi2,E^)) 

H^{X,nomx{Eoo,E)) 
induced by d2- 



H' (X, Homx (E 0x Mu , E) ) 
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We claim that this map is surjective if 8 is stable. In order to prove this 
claim we will prove that the dual map (d}'^)^ : {E^'^^Y ~^ (-^i'^)^ is injective 
if 8 is stable. Using Serre duality, the dual differential is a linear map 

Homx(-E, E (S>x Ml ®x Kx)) 
© 

.^law B.ovcix{E,E^xM2(^xKx)) 
Romx{E,E (g)Mi2(^x Kx)) -^-^ © 

Homx(^oo, E (g)x Mi2 0x Kx) 

© 

Homx(^,^oo ®xKx)) 

which maps a global homomorphism a G Homx(-E', E ©x M12 ©x Kx)) to 

-(a © l^.j-i) 0^-2 + (^>2 © Ia/i © Ikx) ° oc 
{a © Ij^^-i) o $1 - ($1 (g) © Ikx) ° " 
a o ^ 
((/> © lii-jf ) o a 

If a € Ker(((iJ'^)^), it follows that Ker(Q) is <I>-invariant and lm('0) C 
Ker(a). Moreover, since a is a morphism of locally free sheaves, Ker(a) must 
be saturated subsheaf of E. Then the stability of 8 implies that Ker(a) = E, 
hence a = 0. This proves the claim. 

The second assertion is trivial for i < 0. The case i = follows again 
from the stability of 8 by an identical argument. □ 

4.2. ADHM Sheaves with Trivial Framing. We conclude this section 
with some specific results for ADHM sheaves with E^o = Ox- Under the 
conditions of definition (j4.3p note that we have a morphism of -modules 

TiomxsiEf ®xs (^12)5, (^00)5 ©Xs I) 
nomxsiiEoo)s,{Eoo)s®XsI)^ © 

nomxs{{Eoo)s,E'i^ ©Xs I) 

given by 

"oo \-aoo o <^s\ (V's^ © 1/) ° aoo) 

for any local section Qqo of 7iomxs{{Eoo)s-, iEoo)s ©Xg I)- Moreover, it is 
straightforward to check that d2 o k = 0, therefore k yields a morphism of 
complexes 

(4.21) nomxs{{Eoo)s,{Eoo)s®XsI)[-l] ±^L^ C{8^^\8f , I). 

Let 

(4.22) C(4^\4^\/) = Cone(K[-l]). 

Using notation conventions analogous to definition (j4.3p . we will denote 

C{8s,8s,I) by C{8s,I) and/(4'\ O5) by C(4'\4'^)- If ^ = ^s, 
C{8s,I) will be denoted by C{8s)- 
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Note that there is a canonical 0-th hyper cohomology class l^-g G ]3f{Xs, C{£s)) 
determined by the pair 

{Ies,1(e^)s) G H\Xs,nomxs{Es:Es))®H\Xs,nomxs{{Eoo)s,{Eoo)s)) 
It is straightforward to check that 

di {IesA{e^)s) = 
therefore l^^ is indeed a well defined 0-th hypercohomology class. 

By construction we also have an exact sequence of complexes of Oxg- 
modules 
(4.23) 

o^c(4'\4'^^) ^c(4'\4'^^) ^^o"^^s ((^00)5, (^00)5^x5 ^) ^0. 

Lemma 4.11. Under the conditions of definition |^.5| ), suppose £^g^ = 

Eg = £s and E^o = Ox ■ Then the exact sequence (j4.23p has a canonical 
splitting, and we have isomorphisms of hypercohomology groups 

(4.24) m\XsA£s,£s,I))-^\Xs,C[£s,£sJ))®H\Xs,P*sI) 
for all A; G Z. 

Proof. Since {Eao)s = Oxsi 'Homxs{iEoo)s, iEoo)s I) ^ P*sl, and 
we have a morphism 

p*sl Homxs (Es, Es ®xs I) p}! 

^00 5 ^00 ) 

It is straightforward to check that this is a splitting of (14.230 . 

□ 

Under the conditions of proposition (14.51) . we have an exact sequence of 
complexes of Oxg -modules 

(4.25) ^ C{£s,£s',I) ^ C{£s,£s',Oxs) ^ C{£s) ^ 0. 
Let 

(4.26) l{£s,£s'J) = d\lss) 
where 

■.m'{Xs,C{£s)) ^M\Xs,C{£s,£s',I)) 
is the connecting isomorphism determined by (|4.25p . We will also denote by 

7 ■.m\Xs,C{£s,£s'J)) ^M\Xs,C{£s,£s',I)) 
the natural morphism of hypercohomology groups determined by the canon- 
ical injective morphism of complexes C{£s,£s',I) ^ C{£s,£s',I) and by 

1" ■.m\Xs,C{£s,£sJ)) -^^\Xs,C{£s,£s,I)) 

the injection determined by the splitting ()4.24p . 

Now consider a deformation situation of the form (|4.16p . and let £s' be a 
flat family of stable ADHM sheaves parameterized by S' which restricts to 
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a given family £s on Xs- Then we have an exact sequence of complexes of 
-modules 

(4.27) ^ C{£sJs'GS") ^ C{£s:£s'JscS") ^ C{£s.£s' Js^s') ^ 0. 
Lemma 4.12. Still assuming E^o = Ox, we have 

(4.28) ?(o6(f5',S',5")) = (i'od'M£s,£s',IscS')) 
where 

:m\Xs,C{£s,£s',IscS')) ^^^{Xs,C{£s,£sJs'cS")) 
is the connecting morphism determined by ()4.27p . 

Proof. By construction we have a morphism of complexes of -modules 

*- C(fs, Is'cS") ^C{£s,£s',IscS") ^C{£s,£s',IscS') 

^ C{£s,Is'cS") ^ C{£s,£s',IscS") ^ C{£s,£s',IscS') ^ 

in which the horizontal arrows are exact. This yields a commutative diagram 
of morphisms of hypercohomology groups 

m\Xs, C{£s, £s'JscS')) — ^\Xs, C{£s, £s, Is'cs")) 

mHXs,C{£s, £s',lscs')) — M^{Xs,C{£s, £s, Is'cS")) 
Therefore lemma (I4.12p follows if we prove that 

i^{e{£s, Ss'JscS')) = ^Ss, Ss'JscS') 

However, this follows easily form the detailed construction of the class 
e{£s, £s'i ^ScS') given in the proof of proposition (|4.5p . Taking into account 
the fact that 

{Eoo)s' = {Eoo)s © iEoD)s' ®Xs Iscs' 
as Oxs-modules. The construction of the class 

l{£s,£s'Jscs')) = d\l£s) 

is formally identical to the construction of the class t{£s, £s', IscS') by def- 
inition of the coboundary morphism. 

□ 
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5. Virtual Smoothness for ADHM Sheaves on Curves 

From this point on we take X to be a smooth projective curve of genus 
g over C. Then the Hilbert polynomial of any torsion-free Ox-module is 
determined by a pair of integers (r, e) with r > 1 , namely the rank and degree 
respectively. In the following we will denote the moduli stack QJIadha/ (-^j P) 
by dRADHM{'^,r, e). 

In this section our goal is to prove that the moduli stacks dJlADHAii'^ , r, e) 
are virtually smooth, i.e. they carry natural perfect obstruction theories 
[481 llOj . Similar results have been previously obtained for moduli spaces 
of (decorated) sheaves in [63 \57\ [52l [61]. Our treatment is closer to [69] . 
relying on the construction of [H], or, more precisely, the generalization 
presented in [471 Sect 2.2]. Moreover we will carry out our construction in 
the equivariant setting as in [31] with respect to an algebraic torus action 
on TlADHM{'^,r,e) satisfying the hypothesis of lemma (j3.11i ) The results 
of this section are valid for any such action, in particular for those presented 
in examples (l3T2]l . (IXT3I) . 

5.1. The Tangent-Obstruction Complex. The following lemmas estab- 
lish the existence of a tangent-obstruction theory for any flat family of stable 
ADHM sheaves on X parameterized by an affine scheme S of finite type over 
C. We will proceed by a step- by-step verification of the conditions formu- 
lated in [48 [ Sect 1] for such families. 

Lemma 5.1. Let 8$ be a flat family of stable ADHM sheaves on X param- 
eterized by an afflne scheme S of finite type over C. Let I be a coherent 
Os-module. Then the following hold. 

(i) In the notation of remark l-j-Oj ), we have 

(5.1) m\Xs,C{£s,I))~Ts{^^Ps*C{£sJ))- 

(ii) Given a base change morphism f : T ^ S with T affine of finite type 
over C, a coherent Ox-module J and a morphism of Ox-modules ^ : /*/ — 
J, we have a canonical morphism 

(5.2) c(/, : f*n^Ps*C[£s, I) ^ B}pT*C{£T, J) 
of Ox-modules, where £x = fx^s- 

(iii) Given a sequence of morphisms U -^T^-^S , with U, T affine of 
finite type over C, a coherent Ou-module K, a coherent Ox-module J , a 
coherent Os-module I , and morphisms rj : g*J K, ^ : f*I — > J, there is 
a commutative diagram of canonical morphisms of the form 

(5.3) g*f*KpsM£s, I) (/ o gyn^psMSs, I) 



cifogX) 



g*R^px*Ci£T, J) R^puM^u, K) 
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where £t = fx^s, £u = g*x^T and C '■ if ° 9)* I K is defined by the 
composition 

(fogyi^g*ri^g*J^K. 
{iv) Suppose there is a T -action on S so that the family £$ is T-equivariant. 
Then Ii^ps*{£s, £s ®Xs I) has a natural T-equivariant structure for any T- 
equivariant Os-module I. Moreover, if all base change morphisms as well 
as the sheaves I, J, K are T-equivariant the canonical morphism c{f, ^) is 
T-equivariant, and the diagram (j5.3p is T-equivariant. 

Proof. Since S is affine, we have 

(5.4) m\Xs, Ci£, I)) Ts(n^Ps*C{£, I)) 

for all /c G Z, hence (15. ip follows. 

Given a morphism / : T — s- 5 as in (IS.lI u). we have a canonical isomor- 
phism 

f*^C{£s,I)^Ci£T,f*I) 
where £t = fx^s- From definition (14. it follows that a morphism ^ : 
f*I ^ J induces a canonical morphism 

C{£T,f*I)^Ci£T,J). 

Therefore we obtain by composition a canonical morphism 

f*xC{£s,I)^C{£T,J). 

Applying the functorial properties of direct images (lA.ip . we obtain a canon- 
ical morphisms of Oy-modules 

f*R^Ps,C{£s,I) ^ rV*C(5t,/*/) ^ K^pt*C{£t,J) 

whose composition is the required morphism (15. 2p . 

Lemma (jS.ll ui) follows from a routine diagram chasing argument using 
lemma (lA.ll iz) and (jA.ll ui). Although straightforward, the details are te- 
dious and will be omitted. 

According for example to [12] , since the torus T has trivial group cohomol- 
ogy, all above manipulations are valid in the equivariant setting, employing 
equivariant derived functors of equivariant complexes of sheaves. Therefore 
the proof of (15. H it') is formally identical to the above. 

□ 

Lemma 5.2. Let £$ be a flat family of stable ADHM sheaves on X param- 
eterized by an affine scheme S of finite type over C. Let S <Z S' <Z S" be a 
deformation situation as in (j4.16p . Then the following hold. 

(i) In the notation of remark we have 

(5.5) n\Xs,C{£sJs'cS")) - Ts{B?psX{£s) ®Os Is'cS")- 

(ii) Given a base change morphism f : T ^ S with T affine of finite type 
over C we have a canonical isomorphism 

(5.6) c{f) : f*-R''ps,C{£s)^-R^PT*C{£T) 
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compatible with base change, where £t = fx^s- 

(Hi) Suppose S C S' C S" is a deformation situation of the form (j4.16p 
with S,S',S" affine of finite type over C. Suppose moreover we have a base 
change diagram 




where T is an affine scheme of finite type over C and T" 
gt '-T ^ T" so that the diagram 



T has a section 




is commutative. Let T' = S' Xs" T" , f':T'^ S' be the natural projection, 
and £t = fx^s- Suppose furthermore we have an extension £s' of £3 to S' , 
and let £t' = {f'x)*£s' ■ Then there is a canonical morphism of Ot -modules 

(5.7) c(/, S\ S") : f*B?ps.{C{£s) ®s h'cS") ^ RW(C(^t) ®t h'cT") 
so that 

(5.8) obi£T',T',T") = iTTicif,S,S"))of*)obi£s',S',S") 

(iv) Suppose there is a T -action on S so that the family £$ is T-equivariant. 
Then 'R?ps*{C{£s,£s ®Xs ^)) ^'^^ ^ natural T-equivariant structure for any 
T-equivariant Og-module /. Moreover, statements (i), (ii) hold for T- 
equivariant base change, and the canonical morphism (|5.7p is T-equivariant 
if the deformation situations S C S' C S" , T C T' C T" are T-equivariant. 

Proof. Setting /c = 2 in (|5.4p we obtain 

m\Xs,C{£sJs'cS")) = Ts{B}psX{£sJs'cS"))- 

Recall that by construction, C{£s) is a finite complex of locally free Oxs 
modules according to lemma (j4.ip . Moreover, definition (j4.3p implies that 
there is an isomorphism of complexes of Oxg -modules 

(5.9) C{£sJs'cS") ^ C{£s) ®Xs h'cs"- 

The vanishing lemma ()4.10p and the base change theorem [34^ Thm 7.7.5], 
[371 Thm III.12.11] imply that 

RV5*C(^,/5'c5") =0 

for all A; > 3 and 

Yi^Ps.{C{£,Is'cS")) - n^Ps*{C{£) ®s Is'cs")- 

This proves (I5.2[ i). The morphism ()5.6p is the canonical morphism provided 
by lemma (lA.ll i). 



46 



D.-E. DIACONESCU 



In order to prove ()5.2l ui) recall that 

obi£s',S',S") = d{ti£s,£s',IscS')) 

where 

t{£s,£s',Iscs') G m\Xs,C{£s,£s'Jscs')) 
is the hypercohomology class constructed in proposition (|4.51 z) and 

d : m\Xs, C{£s, £s',lscs')) ^ IHI'(^5, C{£s,ls'cs") 
is the connecting homomorphism determined by the short exact sequence 
of complexes of Oxs-modules (14.18p . The later is reproduced below for 
convenience 

C{£s, Is'cs") C{£s,£s'-,ls'zs") C{Ss,£s',IscS') 0. 
In the situation given in (j5.2[ iii) we have an analogous exact sequence com- 
plexes of "Modules 

— > C{£t, It'cT") — C{£t, £t' J ItcT") — ^ C{£t, £t' ^ ItcT') — ^ 0- 
which yields a similar connecting homomorphism. Since the projections 
<S" — > S, respectively T' ^ T are finite morphisms, and £t' = f'x*^S'i the 
base change theorem implies that we have a canonical isomorphism of Oxt 
modules 

fx£s' - £t'- 

This induces an isomorphism of complexes of O^-modules 

(5.10) rxC{£s,£s',Iscs')^C{£T,£T'J*Is^s')- 

However we also have a natural morphisms of f'*IscS' ItcT', f"*IscS" " 
ItcT", f"*Is'cS" It'cT" of Ot' 1 Ot" and respectively OT"-niodules (see 
for example [37^ II. 7. 12. 2]) which are also morphisms of Or-modules. There- 
fore we obtain a commutative diagram of complexes of -modules of the 
form 

(5.11) f^C{£s,Is'cS") C{£t, It'ct") 



C{£t,£t',Itct"] 



C{£t, £t',Itct')- 



fx^i^s,Ss',IscS") 



fx^{Ss,Ss',IscS') — 

Note that the right column is exact while the left column is not since 
is not an exact functor. Then we further obtain a natural commutative 
diagram of hypercohomology groups 

(5.12) mHXs,Ci£s,£s',IscS')) 

a 



I"^ {Xs ,C{£t,£t', Itct' ) ) 
a 



HXs,C{£s, Is'cs")) 



\Xt,C{£t, It'ct"))- 
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Let the morphism (15. 7p be the tensor product of the canonical morphism 
(j5.6p and the canonical morphism of Or-modules f'*ls'cs ~^ It'ct- The 
bottom horizontal arrow of (I5.12P is then identified by construction with 

rTic{f,s',s"))of*. 

Moreover, we claim that the top horizontal arrow of (j5.12p maps the 
extension class e'^^ to e^. This follows by observing that the isomorphism 
(jS.lOp yields a natural morphism of hypercohomology groups 

fx -.M^XsXiSs^Ss'JscS')) ^^\Xt,C{St,£t', rises')) 

Since S is affine we can choose the affine Cech cover Us in the proof of 
proposition (14. 5p to be of the form Us = {(C^a)s} where {Ua} is an affine 
Cech cover of X. Since T is also affine, by base change we obtain an affine 
Cech cover Ut = {iUa)T} of Xt- Then it is obvious that the construction of 
the hypercohomology class z{£s,£s',IscS') is compatible with base change, 
i.e. we have 

K£t,£t', f*lscs') = fx'^i£s,£s',lscs')- 
Moreover, it is also obvious by construction that the morphism 

M^{Xt,C{£t,£t', f*lscs')) ^^{Xt,C{£t,£t',Itct')) 

induced by the canonical morphism f*IscS' ~^ ItcT' maps z{£t-,£t'-, f*IscS') 
to c{£t,£t',ItcT')- 

□ 

Next we prove that the tangent-obstruction theory of any affine chart 
S — > TIadhm{'^ , r, e) of finite type over C is perfect, verifying the conditions 
of [Ml Def. 1.3]. 

Lemma 5.3. Let £s be a flat family of stable ADHM sheaves parameterized 
by an affine scheme S of finite type over C. Then there exists a two-term 
complex E* = (E^ — ^^1) ^/ coherent locally free O s -inodules with degrees 
(1, 2) so that 

n\E's ®s I)c^R}ps*C{£s,I) 

H^E's (^s I) - R''ps*C{£s) ®5 / 
for any coherent Os-module I. 

Moreover, if S ^ yRADHM{''^if.,e) is a T-equivariant chart, and I is 
a T-equivariant coherent Os-module, the complex E* can be chosen T- 
equivariant as well. 

Proof. As observed in the proof of lemma (j5.2[ i). C{£s, I) = C{£s) (dxs I 
for any coherent C'5-module /. According to [341 Thm. 6.10.5] or [371 
Prop. III. 12.2] there exists a complex F* of finitely generated locally free 
C'5-modules bounded above so that 

hHe's 05 /) = R''ps*{C{£s) ®xs I) 

for any O^-module / and for all A; € Z. Lemma (I4.10p and the base change 
theorem [Ml Thm 7.7.5] [371 Thm IIL12.11] imply that 

RVs*(C(^5,^^s)) = 
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for all A; > 3 and 

Ii^Ps4C{£s) ^xs I) - Rbs*C{£s) 0s / 

for any coherent Os-module /. 

Since F* is bounded above and has trivial cohomology in degrees k > 3, 
an easy induction argument based on |37^ Prop. III.9.1A.f] shows that 
Ker(F|, F|) is a flat finitely generated O^-module. Therefore Ker(F| — > 
F|) is a locally free Os-module, and we can truncate F* so that F|, = for 
A; > 3. 

Moreover, theorem [34:\ Thm. 6.10.5] also implies that for any closed 
point s G S, the cohomology of the complex of vector spaces F* (g) k{s) 
is isomorphic to the hyper cohomology of the complex C{£s)\xs- Since the 
later vanishes in degrees A; < according to lemma (j4.10p . it follows that 
the cohomology of F* ® k{s) is trivial in degrees A; < for any closed point 
s S. Then lemma ()3.10p implies that we can truncate F* to a locally free 
complex E* satisfying the required properties. 

Now suppose S —> QJIadha/C'^, e) is T-equivariant, hence in particular 
there is a T-action on S so that £s has a T-equivariant structure. Then all 
above arguments hold in the equivariant setting, as observed for example in 
[701 Sect 2.2]. 

□ 



5.2. Virtual Smoothness. In this section we prove theorem (II. 5p and 
corollary ()1.6|) . 

Proof of Theorem U.5\) . We will construct a perfect tangent-obstruction 
theory on dJlADHAii'^ ,r,e) as defined in [471 Def. 2.1]. According to 
lemma (13. lip we can choose a finite cover of dJlADHAii'^ ,r,e) {lq, ■ Sa —>■ 
^ADHA'li'^ , r, e)} , a € A consisting of etale T-equivariant morphisms, with 
Sa affine schemes of finite type over C. According to lemmas (|5.ip . (j5.2|) . 
(j5.3p . each chart {Sa, i-a) carries a T-equivariant perfect tangent-obstruction 
theory. Therefore we just have to check the compatibility conditions for- 
mulated in [471 Def. 2.1]. In the following we will denote by £a the T- 
equivariant flat family determined by ia '■ Sa —>■ ^adhm{^ e), a G A. 
We will also denote by Paf3... '■ ^Sap ~^ Sap... the canonical projections 
for any overlap Sap... with a, /3, ... G A, and by £ai3... the corresponding 
T-equivariant fiat families. 

First we check that the collection of -modules 

^^PSc,*C{£a) 

with a € A defines a T-equivariant coherent sheaf on QJIadha/ (-^5 '^j e). Let 

iJaP ^ Oa 

IP 

Sp — ^ TIadhm{X, r, e) 
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be an arbitrary overlap. Since ta, i/j are equivariant morphisms, there is a 
natural T action on Sap so that qa, are also T-equivariant. Moreover by 
construction we have a universal isomorphism 

of T-equivariant Oxg ^-modules which yields a canonical isomorphism of 
T-equivariant Oxg ^-modules 

ValS ■■ {qaTxCi£a)^{qf3TxC{£p)- 

Proceeding as in the proof of lemma (j5.2[ iz). the vanishing lemma (j4.10p and 
the base change theorem j34| Thm 7.7.5], [H Thm. III. 3. 4] yield canonical 
isomorphisms of T-equivariant ©5^^ modules. 

qlR'^Pa*C{£a) ^ K'^Pal3*iqa)*xC{£a) 

ql'^^Pf5*C{£p) ~ B?PapMp)xC{£f5) 
Then the isomorphism yields a canonical isomorphism 

<Aq/3 : q*aB?PaX{£a) q*pK^P(S*C{£i3). 

Next we have to check that the isomorphisms {(j)ai3} satisfy the cocycle 
condition. Given a triple overlap Sa/Sj let qa/3 '■ Sa/3'y — > Sap, qa'y ■ Sa/3-y —>■ 
Sa'y, qp'Y ■ Safs-y — > Sp-y denote the canonical projections. Note that there 
exists a natural T-action on SaP'y so that these projections are T-equivariant. 
Then we have to prove that 

(5-13) q*p-y(l>p-y ° q*ap(l)ap = Qa7'Aa7 

This follows from the fact that there is a universal stable ADHM sheaf (£ on 
^ADHM{'^,r,e) X X. This is standard for moduli stacks, and follows for 
example from the isomorphism (13. 9p since R is equipped with a universal 
ADHM sheaf (see also j28( Ex. 2.49].) In particular the isomorphisms {^a/?} 
satisfy the cocycle condition, which implies that the isomorphisms {rjap} 
also satisfy the cocycle condition. Then (|5.13p follows again from vanishing 
results and the base change theorem. In fact the resulting obstruction sheaf 
Db on dJtADHMiX, r, e) is the direct image 

Db = R2p,C(^) 

where C(€) is the deformation complex of the universal object defined in 
()4.3p and p : dJlADHM{X,r,e) x X ^ dJlADHM{X,r,e) is the canonical 
projection. 

We also have to check that the obstruction assignments agree on over- 
laps. More precisely, suppose we are given two T-equivariant deformation 
situations 

Sa CZ Sa CZ Sa 

Sp c S'pC Sp 
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SO that the induced deformation situations 

Saf3 C Sa/3 ^'a C Sa/3 X Sa S'a 

Sa/3 C Sa/3 ^Sp S'l^ Sa/3 ^Sp S'^ 

are identical. We wih denote the induced deformation situation on the 
overlap by 

Sa/3 C 5^^ C S'a/j. 

and by q'a : S'^p S'a, q'p ■ S'^^ — > S'^ the canonical equivariant projections. 
Suppose moreover that we are given T-equivariant extensions S'a £'p to S'a, 
S'^p respectively, and an isomorphism 

(5.14) ^'a/3 ■■ {qa)x£'a^iQ'p)x£'/3 

which reduces to £,a/3 on Sa/3- Then according to lemma \f>.2\ iii] we have 
canonical T-equivariant morphisms 

Ca ■■ q*a'R^Pa*iCi£a) ^S'^CS'^) ^ ((ga)xC(^„) ^ S'^^jCS'J^^) 

Cf3 : q*p'R^Pa*iC{£/3) (^Sf, Is'ijCS'^) H.W*((9/3)xC(^/3) ®S,;3 ^S'^^CS'J^^) 
Moreover we have 

Obiiq'aTxK, S'ap, S'^p) = (Ts^.iCa) o q*a)ob{£'a, S'a, 5^:) 

obiiq'gr^S'p, S'ap, S'^p) = {Ts^,{cp) o g^)o6(4, S'f,, S'^) 
and the isomorphism (15.14^ yields an identification 

0b{{q'f,rj,£'f„S'af„S';,f,) = Ts^,{(l^aP^h,, )0b{{q'arx£'a,S'a/3,S'^(,). 

a/3 

Therefore we obtain the required compatibility relation 

{Ts^p{cp)oql)0b{£'p,S'ii,Sl) =Ts^p{<i)aP®lls, )o{Ts^p{Ca)oq*a)ob{£'a,S'a,Sa) 

for obstruction classes. 

□ 

Proof of Corollary U.6\) . According to proposition (j3.15p the fixed lo- 
cus TlADHM{X,r, e)"^ of the torus action defined in example ()3.13|) is a 
projective scheme over C. By analogy with [31], taking the T-fixed part 
of the perfect obstruction-theory of TlADHM{X,r,e) determines a perfect 
tangent-obstruction theory on the fixed locus, hence a virtual cycle 

[mADHM{X,r,e)^] G A,{mADHM{X,r,e)^). 

Alternatively, a direct argument proceeds as follows. Let {Sa}, a £ A 
be an affine open cover of d7tADHM{X,r,e)'^ , a € A. Each Sa, a G A pa- 
rameterizes a flat family £a of stable ADHM sheaves on X satisfying the 
fixed point conditions formulated in the proof of proposition (I3.15p . Then 
it is straightforward to check that there is a natural T-action on the hy- 
percohomology groups M''{Xsa-,C{£a, la)), /c = 1, 2 for any -module la- 
Moreover, repeating proof of proposition (14. 5p . it follows that for any nilpo- 
tent thickening S'a, there is a one-to-one correspondence between extension 
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of £a to S'^ satisfying the T-fixed condition and hypercohomology classes in 
the fixed part M^{X,C{£a^ ^a))^ , where is the defining ideal of Sa in 5^. 
Similarly, repeating the proof of proposition (j4.9p in the T-fixed context, it 
follows that the obstruction class ob{£s'^, Sa' , S',^) associated to a deforma- 
tion situation of the form (j4.16p lies in the fixed part ]HI^(X, C{£a, Is'^cS'^))^ ■ 
Then lemmas (15.ip . (15.2p imply that the T-fixed part of the tangent- 
obstruction theory for TlADHM{X,r,e) determines a tangent-obstruction 
theory for the fixed locus dJlADHMiX,r,e)'^ . Moreover, it follows from 
lemma (j5.3p and the proof of theorem (jl.5p that this tangent-obstruction 
theory is perfect. In particular the required two-term complex of Os^- 
modules is the T-fixed fixed of the equivariant complex E*^ provided by 
lemma ()5.3p . 

In order to construct the virtual normal bundle to the fixed locus recall 
that there exists a universal stable ADHM sheaf <t on TlA_DHM{X,r,e) x 
X. Let (B^ denote its restriction to TlADHM{X,r,e)'^ x X and let p'^ : 
^ADHM{X,r, e)'^ X X — > TlADHM{X,r, e)"^ denote the canonical projec- 
tion. Let C(C;^) be deformation complex of as defined in (j4.3p . Then 
an argument identical to lemma |6H Lemma 2.10] shows that there is a 
two term T-equivariant complex E* of coherent locally free sheaves on 
^ADHM{X,r,e)^ so that 

for k = 1,2. We define the virtual normal bundle to be the T-equivariant 
K-theory class 

,^ ^mADHM{X,r,e)'^ /mADHM{X,r,e) = ii^^)'^] " [(E^)""] 

where the superscripts m denote moving parts. 

□ 



6. Admissible Pairs 

Let X be a smooth projective curve over an infinite field k of characteristic 
0, and Mi,M2 fixed line bundles on X. Let Y be the total space of the 
projective bundle Proj(C'x © Mi © M2). In this section we introduce new 
objects - called admissible pairs on y - and prove that they are equivalent 
to stable pairs on Y as defined in [61] . In the next section we will show that 
admissible pairs are naturally related to stable ADHM sheaves on X by the 
relative Beilinson spectral sequence. 

Let us first fix some notation. Let tt : Y ^ X denote the canonical 
projection and ki = deg(Mj), i = 1,2. Recall that [37[ Prop. II. 7.1] 



(6.1) 



7r,(Oy(l)) = Ox©Mi©M2. 
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Let zq G H^{Y,Oy{1)) denote the section corresponding to 1 G H^{X,Ox) 
under the canonical isomorphism 

if°(y,Oy(l)) ~ H°{X,Ox) © H°{X,Mi) © H°{X,M2). 

We have analogous canonical sections 

ZieH\Y,7r*M-\l)), 

with i = 1,2. 

Let be the zero locus of zq on Y, which will be referred to as the 
divisor at infinity. Let H G A2{Y) denote the cycle class of D^o and let 
F G A2{Y) denote the fiber class. Let a : X ^ Y he the section determined 
by zi = Z2 = 0, and let (3 = cr*[X] G Ai{Y). For future reference let us 
record the following easy lemma 

Lemma 6.1. (i) Ker(yli(y)-^^^o(^)) = (P) 

[ii] 13 = — (fci + k2)HF in the intersection ring ofY. 
(Hi) ci{Y) = 3H + {2-2g-ki- k2)F. 

(iv) Pic(y) ~ Pic(X) X Z where the second direct summand is generated 
by the divisor class [-Dqo]- 

Proof. According to [271 Thm 3.3], A^{Y) is a free module over 
generated by {1, H, H^}. In particular A2{Y) is generated by H and the 
fiber class F. Let 7 = HF be a vertical curve class. Then an elementary 
computation yields the following intersection numbers 

pH = (3F = 1 

-fH = 1 7F = 

Since the intersection pairing is nondegenerate, Ai{Y) is generated by 7}, 
and statement (i) above is obvious. 

By construction the image of the section s : X — > y is cut by the equations 
zi = 0, Z2 = on Y where Zi G H^{Y,7r*Mr^{l)), i = 1,2 are the canonical 
sections defined above. Therefore we have 

(3 = {H- kiF){H - k2F) = if2 - {ki + k2)F 

in the intersection ring of Y . This proves {ii). 

The third statement follows by a straightforward computation using the 
relative Euler sequence. The fourth statement is standard, see for example 
[371 Ex. IL7.9]. 

□ 

Definition 6.2. [i) Let d G Z>i, n £ Z. An admissible pair of type {d,n) 
on Y is a pair {Q,p) consisting of a coherent Oy-module Q and a section 
p G H^{Y,Q) satisfying the following conditions 

(i) p is not identically zero, 
{ii) Q is flat over X . 

{Hi) cho(Q) = 0, chi(Q) = 0, ch2(Q) = d(3 and xiQ) = n. 
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(iv) The co/cerne/ Coker(Oy — >Q) of the canonical morphism determined 
by p is an Oy -module of pure dimension 0. 

(ii) Two admissible pairs of type {d,n) {Q,p), {Q',p') are isomorphic if 
there exists an isomorphism of Oy -modules u : Q ^ Q' so that the following 
diagram is commutative 

p 



Oy 



Q 



Q' 



Oy- 

Remark 6.3. (i) Note that conditions (ii), (Hi) imply that the support 
supp((5) is disjoint from D^o and finite over X. 

{ii) The admissible pairs {Q,p) are closely related to the stable pairs con- 
sidered in [61] . In the present context, a stable pair of type {d, n) on Y in 
the sense of [61] is a pair {Q,p) where Q is a coherent Oy-module of pure 
dimension one with ch.2{Q) = df5 and x{Q) = ''^ ^.''T'd P G H^{Y-,Q) is a 
nonzero section so that Coker(C'y — is a Oy-module of pure dimension 
zero. The following lemma shows that we can replace condition (6.l^ ii) by 

{ii') Q is of pure dimension one and supp(Q) is disjoint from Doo- 

Therefore there is a one-to-one correspondence between admissible and re- 
spectively stable pairs of type {d,n) on Y. 

Lemma 6.4. Let {Q,p) be a pair consisting of a coherent Oy-module and 
a section p € H^{Y,Q) satisfying conditions {i), {Hi) and {iv) of definition 
W.S^) . Then Q is flat over X if and only if it is of pure dimension one and 
supp((5) is disjoint from Doo- 

Proof. We first prove that Q flat over X implies that Q is of pure dimen- 
sion one and supp((5) PI Doo = 0- 

Since f3H = in the intersection ring of Y according to lemma (j6.11 i) if 
supp((5) has nontrivial intersection with Doo it follows that it must have 
vertical components. This would violate flatness over X. Therefore supp((5) 
must be disjoint from D^o- 

Note that condition {Hi) implies that supp((5) is codimension 2 in Y . 
Then the torsion filtration [401 Def. 1.1.4] of Q reduces to 

OcTo(Q) cTi(Q) =Q 

If TQ{Q)y 7^ for some closed point y G y, it follows that TQ{Q)y is an- 
nihilated by any uniformizing parameter G Ox,x, x = Tr{y). This would 
violate the local criterion for flatness [241 Thm. 6.8]. Therefore Tq{Q) must 
be trivial. 

Conversely, suppose Q is of pure dimension one and its support has no 
vertical components. Let y & Y he a closed point so that Qy ^ 0, x = 7r(y) 
and C £ Ox,x a uniformizing parameter. Let Z be the support of Q and 
2z be the ideal sheaf of Z in Y. Since Z is one dimensional, 2zy has 
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codimension 2 in Oy,y. Moreover, since Z has no vertical components, it 
follows that the ideal J C OY,y generated by C and 1z,y is codimension 

3 in Oy^y. However note that J annihilates Ker((5y— ^Qj^). Therefore if 

Ker((5j/— ^Qj/) is nontrivial, it must be a pure dimension zero submodule of 
Q. This contradicts the assumption that Q is pure dimension 1. 

In conclusion, Ker(Qy— ^Q^) must be trivial for any y G y so that Qy ^ 
0. Hence Q is flat over Y by the local criterion of flatness. 

□ 

Prom now on we take the ground field to be C. Therefore in the following 
X is a smooth complex projective curve. Let be a scheme of finite type 
over C. 

Definition 6.5. (i) A flat family of admissible pairs on Y of type {d, n) 
parameterized by S is a pair {Qs,Ps) consisting of a OYg-module Qs and 
a section ps G H^{Ys,Qs) so that Qs is flat over S and {Qs, Ps)\ys is an 
admissible pair of type {d, n) on Ys for each point s £ S. 

{a) An isomorphism of flat families (Qs^Ps); (Q's^p's) of admissible pairs 
of type {d,n) is an isomorphism us : Qs Q's of Oyg -modules so that the 
diagram 

Oys^Qs 



us 



Oys^Q', 



is commutative. 



Proof of Theorem \1.9(l Let us define a fibered category 'iMAdm^X-, d, n) — 
& as follows. 

• The objects of TlAdmiY,d,n) are flat families of admissible pairs of 
type (d, n) on Y parameterized by schemes S of finite type over C. 

• Given two objects {Qs, Ps), (Qt, Pt) a morphism in yioY{{Qs, ps), {Qt, 
is a pair (/, us) where / : S" — > T is a morphism of schemes of finite 
type over C, and us ■ {Qs,Ps) ~^ {IyQt, IyPt) is isomorphism 
of flat families of admissible pairs on Y. 

A routine argument shows that ^XflAdmiY, d, n) is a category fibered in groupoids 
over the category of schemes of finite type over C. 

Let Tlst(Y, d, n) be the groupoid of stable pairs (Q, p) of type {d, n) on Y . 
According to [MlllHlEl] there exists a projective moduli space 'M.stiY.,d.,n) 
parameterizing isomorphism classes of stable pairs of type (d, n) on y. Since 
stable pairs have trivial stabilizers [611 Sect 2.2], this is a fine moduli space. 
Moreover, according to [HI Thm. 2.15] the moduli space OJtst (y, d, n) 
has a natural perfect tangent-obstruction theory, therefore a virtual cycle 
mst{Y,d,n)]. 

Lemma (16. 4p identifies '^AdmiX, d, n) with an open subscheme of '^stiX, d, n) 
therefore 9JtAdm (^j n) is a quasi-projective scheme over C equipped with 
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an induced perfect tangent-obstruction theory. Although the construction 
presented in [61] is based on the formaUsm of [10], it is fairly straightfor- 
ward to provide an alternative construction of a perfect tangent-obstruction 
theory oi TlstiY, d,n) relying on [471 Sect. 2.1]. Then [43l Prop. 3] implies 
that both constructions yield identical virtual cycles. 

Let us recall the construction of tangent and respectively obstruction 
spaces, according to [Ml Sect 3], [HI Sect 2]. Given a flat family (Qs^Ps) 
of stable pairs, let C{Qs,ps) denote the two term complex of Oyg-modules 

(6.2) Oys^Qs 

where the degrees are 0, 1 respectively. Let also qs ■ Ys ^ S denote the 
canonical projection. Suppose that S is affine of finite type over C, and let 
S' be a trivial nilpotent extension of S determined by a coherent C's'-module 
/. Then the tangent space to a flat family {Qs, Ps) is the traceless ext group 

Ext^YsiCiQs, Ps), C{Qs,Ps)®YsI)o ~ rs{£xtl^{C{Qs, Ps), C{Qs, Ps)(^YsI)o) 

Given a deformation situation of the form (j4.16p . a flat family {Qs,Ps) 
an extension {Qs',Ps') the obstruction space is the traceless ext group 

Y.i,il^{C{Qs,ps),C{Qs,ps) 

Ts{£xtl^{C{Qs, Ps),C{Qs, Ps))o ®s Is'cs")- 

The obstruction class 

ob{C{Qs',Ps'),S,S") G E^4^{C{Qs,Ps),C{Qs,ps) ®Ys Is'cS")o 
is given by 

ob{C{Qs',Ps'),S,S")=5Ht{C{Qs,Ps),C{Qs',Ps')),IscS') 

where 

6^ : E^t\.^{C{Qs,ps),C{QS',ps')^Y,IscS') ^ ^^ti.^{C{Qs, Ps),C{Qs, ps)^YsIs'cS") 
is a natural coboundary morphism, and 

KC{Qs, ps),C{Qs', PS'), Iscs') € Ex.t\^^{C{Qs,ps),C{Qs',Ps') ®Ys IscS') 

is the extension class corresponding to C{Qs' , Ps')- The later is given in 
turn by 

^{C{Qs, ps),C{Qs', PS'), IscS') = ^^i'^c{Qs,Ps)) 

where 

5^ : E^t%{C{Qs,ps),C{Qs,Ps)) ^ E^t\^s(C{Qs, Ps),C{Qs', ps')^YsIscS') 
is again a natural coboundary morphism. 

Note that 6^{c{C{Qs, ps),C{Qs' , Ps'), IscS') belongs to the traceless ext 
group ExtYg{C{Qs, ps),C{Qs, Ps) ®ys Is'cS")o, which is canonically iden- 
tified with a subgroup of Ex.tYgiC{Qs, ps),C{Qs, Ps) ^Ys Is'cS") (see [Ml 
Thm. 3.23, Thm 3.28].) 

In order to prove that this data defines a perfect tangent-obstruction the- 
ory for Tlst {Y, d, n) we have to proceed again with a step-by-step verification 
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of the conditions formulated in [Ml Sect. 1], [Ml Sect. 2] and 03 Def 2.1]. 
We will omit the details since they are very similar to [691 Sect. 3.1] as well 
as section ([5]) of the present paper. 

Finally note that there isaT = C^xC^ action on dyistiY,d,n) in- 
duced by the natural fiberwise scaling action on Mi © M2. Obviously this 
action preserves the open subspace DJlAdmiy, d,n). Moreover, by analogy 
with section ([5]), the above construction easily generalizes to the equivari- 
ant setting, yielding a T-equivariant perfect tangent-obstruction theory on 
TlAdm{y,d, n). 

Note also that the fixed locus '^Adm^X^ d, n)'^ is naturally identified with 
a closed subset of the fixed locus 9Jts4(y, d, n)'^, which is proper over C. 
More precisely, it is identified with the closed subset of the fixed locus 
9Jt5j(y, (i, n)'^ parameterizing T-fixed stable pairs {Q,p) on Y so that the 
support of Q contains no vertical components. Therefore TlAdm{y,d,n)'^ is 
proper over C as well, and has a virtual cycle as well as an equivariant vir- 
tual normal bundle, determined by the perfect tangent-obstruction theory 
of TlAdm{Y,d,n). 



7. ADHM Sheaves via Relative Beilinson Spectral Sequence 

Our next goal is to prove that there is an isomorphism between the moduli 
space of stable ADHM sheaves on X with data X = (Mi, M2, Ox) and the 
moduli space of admissible pairs on Y using a relative Beilinson monad con- 
struction. Moreover will prove that this isomorphism is compatible with the 
natural T = x actions on these spaces and identifies the equivariant 
perfect obstruction theories. 

Recall that under the current notation conventions we set Xs = S x X, 
Ys = S X Y for any scheme S over C, and let px '■ Xs X, pY ■ Ys ^ Y, 
T^s '■ Ys ^ Xs denote the canonical projections. We will also set Fs = p*xF, 
Gs = PyG for any Ox-module F, respectively Oy-module G. Note that 
1^ is a projective scheme over Xs and we have canonical isomorphisms 



Oys{1) ^ PyC'y(l), /Y ^ Py^y/x^ ^ = Moreover, by base 



i = 1,2, be canonical sections defined by analogy with zo,zi,Z2- Note that 
zsfi, zs^i, are canonically identified with PyZQ, PyZi, respectively, for i = 1,2. 

7.1. Relative Beilinson Monad for Admissible Pairs. 

Lemma 7.1. Let S be a scheme of finite type over C and let Qs be an Oy^- 
module, flat over S so that Qs\ys satisfies conditions (ii), (Hi) of definition 



□ 




Let 



zs,oeH^{Ys,Oy,{l)), 



zs,^eH^{Ys,7^*s{Mi)s\l)), 
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\6. 2^) . Then there is a spectral sequence of Oys -iTT-odules with 

(7.1) E];^ = OysU) <^Ys ^^iiV5*(0^^/^^(-i) ®y, Qs), 

i j = —2, —1,0, converging to Qs if i = j = and otherwise. 

Proof. This is the relative Beihnson spectral sequence for Yg/Xs as de- 
scribed for example in [59]. Let /Ca 

(7.2) ^ Oy{-2) M 0|./^(2)^Oy(-l) M Q^/^(l)^Oy M Oy. 

be the standard Koszul resolution of the diagonal A C 1" Xx Note that 
the projections 

Pis,P2S ■■ YsXxgYs Ys, PYxxY ■■ YsXXsYs - iYxxY)s ^YxxY 
are flat, and we have the obvious relations 

PY OPIS = Pi °PYxxY, PY °P2S = P2 oPYxxY- 

Then the complex PyxxY^'^^ which is canonically isomorphic to 

(7.3) O^Oys^ nl.^/x^{2)^OYs{-l) K n'Ys/Xsi^)^^Ys ^ Oys, 

is a locally free resolution of the diagonal As = S x A. Let us denote by 
/Cas the complex (17. 3p . and by A^Ag' ~2 < j < 0, its terms. 

Since the Fourier-Mukai functor Rpis'*(/Cas 'S'Ysxxc^Ys P2S ) isomor- 
phic to the identity, there is a spectral sequence with 

(7.4) El'' = R'pis*{'Ci^^plsQs) 

which converges to Q5 if i + j = and otherwise. Using the flat base 
change formula \37\ Prop. III. 9. 3] \36\ Prop. II. 5. 12] for the diagram 

(7.5) YsXxsYs-^Ys 



Pis 



Ys—^Xs 
a straightforward computation confirms (|7.ip . 

□ 

Next we have to compute the terms in (j7.ip . We will need the following 
lemma. 

Lemma 7.2. Let p : A ^ B, a : B —> C local morphisms of Noetherian 
local rings, k the residual field of A and M a finitely generated C -module. 
Suppose that B is fiat over A. Then the following conditions are equivalent. 

(i) M is flat over B 

{a) M is flat over A and M ®a k is flat over B (S)a k. 
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Proof. [331 10.2.5] 

□ 

Given a flat family of admissible pairs {Qs^Ps) parameterized by S, let 
C{Qs,ps) denote the two term complex of Os'xy-modules 

(7.6) Oys^Qs 
with degrees (0, 1). 

Lemma 7.3. Let (QsiPs) be a flat family of admissible pairs parameterized 
by S and C{Qs,ps) the complex defined in (I7.6|) . Then C{Qs,ps) admits 
a canonical three term locally free resolution supported in degrees —1,0, 1 of 
the form 
(7.7) 

^ Oy,{-2) t^UEs ®Xs (Mi2)5) 
^Oy^(-l) ^Ys T^UEs ^Xs iMi)s © Es 0Xs {M2)s) © Oys^t^*sEs ^ 

where Es = R^t^s*Qs o,nd 

0-5 = '(2:5,0 (S> 'IT*s^s,2 - ZS,2, -ZS,0 TT*S^S,1 + zs,i, 0) 

rs = {zsfl © T^*s^S,i - zs,i, zsfl © 'n-*s^s,2 - zs,2, TT^Vs) 
for certain morphisms of Oxs-'^^^dules 

$5,i : Es ©Xs {M{)s ^ Es, tl^s ■■ Oxs ^ Es 

so that 

(7.8) $5,1 o (^5,2 © l(Mi)g) - ^5,2 o ($5,1 © \m2)s) = ^ 

and "051x5 '■ C'x ~^ -^5|xs is injective for each point s G 5. 



Proof. Let us first compute the terms in (|7.ip . Since Qs is flat over S 
and Qslxa is flat over X for any point s € S", lemma (I7.2p implies that Qs 
is flat over Xs. Since it is also finite over Xs according to (16.31 i) the base 
change theorem [Ml Thm 7.7.5], [HJ Thm. III. 3. 4] implies that 

(7.9) R'7rs4^yi/j,^{-j) = 

for all i > 1 and all j = —2,-1,0. Moreover R^-ks*{^yI/Xs^~-^^ "^^s 
are locally free -modules for all j = —2, —1, —0 [Ml Cor. 7.9.10]. 
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Then the first term of the spectral sequence (I7.ip reads 

(7.10) 

Oys{-2) (E)Ys TT^R^TTs^inl^^/XsC^) ^Ys Qs) 

Oy^(-l) (^Ys vrji20^5*(^^l.^/x^(l) (^Ys Qs) 

jO,0 



where we have used the notation d^'-' : E['-^ El'-''^^, i = 0, 1, j = 
—2, —1, 0, 1 for differentials. 

Note that the relative Euler sequence for vr^ : — > Xs 

(7.11) ^ J^^,/x,(l) - ^KOxs © (M, e M,)s)^OYsil) - 
yields an exact sequence of "Modules of the form 

^ R\s*{^Y,/Xsi^) ^Ys Qs) 

^ R\s*{TrUOxs © {Ml e M2)s) ^Ys Qsx)^R\s*iQs{l)) ^ 0. 
The morphism fg is of the form 

fs{to, ti,t2)= %,o(il) + '^5,l(*l) + •^5,2(^2) 

where 

%,o:^V*Qs^i?°vr5*(Qs(l)) 

(7.12) 'Fs,i : R\s*Qs ^Xs {Mi)s ^ ii°vr5*(Qs(l)) 
•^5,2 : ii°vr5*Q5 ^Xs (^2)5 ^ ii°vr5*(Qs(l)) 

are induced by multiplication by ^^5,05 -25,1, -25,2 respectively. Note that mul- 
tiplication by zsfl induces an isomorphism Qs — Qs{^) since the sup- 
port of Qs is disjoint from S x Dqo C Y5. Therefore iZ^s^o '■ R^'^s*Qs 
R^'^S*iQs{^)) is an isomorphism. 
Then it follows that the morphism 

(Ml e M2)s ®Xs R°Trs*Qs ^ {Oxs ® {Ml e M2)s) ®Xs R°t^s*Qs 

{ti,t2) ^ {-^s,l°^S,l{tl)-^s,l°^S,2{t2),tl,t2) 
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maps (Ml © M2)s ®Xs R^t^s*Qs isomorphically to Kev{fs). Therefore we 
obtain an identification 

(7.13) R\s*{^Ys/Xs(^) ^Ys Qs) - {Ml © M2)s (^Xs R'^t^s*Qs 

Note also that ri2.^/^^(2) ~ 7rJ(Mi2)5(-l). Therefore ([7l0]l reduces to a 
complex of Oy^ -modules of the form 

^ Oys{-2) ^Ys Tr*siR\s*{Qsi-l)) ^Xs iMu)s) 

(7.14) '^-^OYsi-1) (^Ys Tr*s{R''^s*Qs (^Xs {Ml © M2)s) 

^Tr*sR\s*Qs ^ 

The differentials d^'~^ , d^'^ are determined by the morphisms kis,H2S in 
the Koszul complex (17. 3p . The later are determined in turn by contraction 
with the section G H^{Ys Xxg Ys, Oyg(l) Kl Ty^/Xs(~l)) corresponding 
to the identity under the canonical identification 

H\Ys xxs Ys, Oy,{1) m Ty,/xA-^)) - Endxs(Oxs © (Mf ^ © M2^)s). 
Explicit expressions for nis,H2S can be written using the isomorphisms 

0^^/^^(2)=.^KA/l2)5(-l), 

01.^/^^(1) ^ Ker (vrKOxs (Afi © M2)5)^Oys(l) 
Then we have 

('7 1 ^^ V ^ V 1 : 1 ! 

- 2^5,1 ^ 2^5,0 + ^5,0 ^ ^5,1, ^5,2 ^ Zsfl - Zsfi ^ 2^5,2) 

where zs^i, i = 1,2, are identified with global sections of Oyc,(l)Kl7r^(Mj~^)5, 
i = 1,2 via the obvious isomorphisms 

(Oy,(l) ®y, 7r^(i\C')5 ^ Oy,. ^ OYsil) ^ i7^m^-')s). 

A priori, the morphism (|7.15p takes values in Oy^ (-1) Kl Tr*g{Oxs © (^^1)5 © 
(M2)5). However one can easily check that 

{lMes){Kis{u))=0 

for any local section u, hence takes values in C'yg(l) M flyg/Xs^'^^ 
expected. The second morphism is locally given by 

(7.16) K2s{vo,vi,v2) =pls{zsfl)vo +p*is{zs,i)vi + pIs{^s,2)v2- 

Using the identification (|7.13p and expressions (|7.15p . (|7.16p the complex 
(j7.14p becomes isomorphic to 

^ OYsi-2) ^Ys Tr*siR'^TTs*iQsi-l)) ®Xs iMi2)s) 

(7.17) ^Oys{-1) ^Ys ttUR^'tts.Qs (^Xs {Ml © Ms)^) 
^7T*sR\s*Qs ^ 
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where 

as = \-zsfi «) vr5%,2 + zs,2 ® TT^^s^o, zsfi ® TT*s^s,i - zs,i (S> vr^^s.o) 

rs = {-ZS,0 ^ '^U'^Sfi ° ^S,l) + ZS,1, -Zs,0 ^ '^U'^Sfi ° ^3,2) + Zs,2) 

and 

^5,0 : i?°vr5*(Qs(-l)) ^ B^T^s*Qs 

(7.18) : i2Vs,(Q5(-l)) ®xs iMi)s ^ ^°^s*Qs 

are induced by multiplication by -25,0,-25,1,-25,2 respectively. Note that ^5,0 
is an isomorphism since the support of Qs is disjoint from D^o- Moreover 
we have obvious commutation relations 

!^'5,i o ^5,0 = !^5,0 o ^5,i 

for i = 1,2. 

The complex (j7.17p is further isomorphic to 

^ Oys{-2) ^Ys t^UEs (^Xs {Mi2)s) 

(7.19) ^Oys(-l) (^Ys ^s{Es ®Xs {Ml e M2)s) 
^7r*sEs ^ 

where Es = R^tt^.Qs, 

O's = \-ZS,0 ® 7rs$5,2 + Z5,2, Z5,o vr5$5,i - Z5,i) 
7^5 = (-25,0 ® vr5$5,i + 25,1, -25,0 (8) vr5$5,2 + 25,2), 

and 

(7-20) ^s,^ = ° "^SA = ^5,.. o ^5,0 

for i = 1,2. Note that $5,1,^5,2 satisfy relation (|7.8|) since the morphisms 
^5,1, ^5,2 in (!7.12p are induced by multiplication by zi, Z2 respectively, there- 
fore they commute. 

Returning to the spectral sequence (I7.10p note that all higher differentials 
vanish for degree reasons. Therefore the cohomology sheaves of the the 
complex (17.19P must be trivial in degrees —2,-1 and isomorphic to Qs in 
degree 0. Moreover, we claim that the natural evaluation map 

ev5 : TTsEs Qs 

induces an isomorphism between the 0-th cohomology sheaf of the complex 
(j7.19p and Qs- In order to prove this, note first that the evaluation map 
is surjective since its restriction to the fiber Yg is surjective for any s £ S. 
Furthermore, a simple computation shows that 

Im(r_^) C Ker(ev5). 

Therefore the evaluation map induces a surjective morphism of sheaves 
Qs where TiP is the 0-th cohomology sheaf of (I7.19p . Since ~ Qs, 
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it follows that this morphism must be an isomorphism. This proves the 
claim. 

Let us denote by B(Q5) the [—1] shift of the complex (17.191) and by 

{0,0,evs):B{Qs)^Qs[-l] 

the quasi-isomorphism induced by the evaluation map. 

Next, note that by analogy with lemma (17. ip we have a spectral sequence 
with first term 

converging to Oy^ for i = j = and otherwise. A simple calculation based 
on the relative Euler sequence and the base change theorem shows that this 
spectral sequence collapses to Oy^ for i = j = and otherwise. 

Now recall that for any coherent Oy^ -module Fs, the derived direct image 
R-PiS*(^As '^YsXxgYs P2S^s) computed by applying 7ri5* to an injective 
resolution of the complex IC^^ "^YsXx^^Ys P2S^s- Since injective resolutions 
are functorial, it follows that the morphism ps : Oy^ — > Q5 yields a mor- 
phism of relative Beilinson monads 

Oy,[-l]^B{Qs) 

where ips ■ Oxs ~^ is the natural morphism of -modules obtained 
by pushing- forward ps- Moreover, by construction we have diagram of com- 
plexes of Oyg -modules 

lOy, [-1] 
Oy,[-l] ^Oy,[-l] 



ps[-i] 



This yields a quasi-isomorphism of cones 

Cone( Oy,[-l] ^ B{Qs) ) ^ Cone{Oy,^Qs)[-l] 



given by (0, loy^ > ev^) in degrees (—1, 0, 1) respectively. We will denote this 
quasi-isomorphism by (0, loy^ , ev^). Note that 

C(Oy,^Qs)[-l]=CiQs,Ps). 

Furthermore, note that for each point the restriction ips\xs '■ ~^ ^s\xs 
is nontrivial by construction since the morphism Ps\ys '■ COy^ — > Qs\Ys is 
nontrivial by definition. Therefore ips\Xs is injective for any s € S". 

In conclusion, the cone Cone( Oyg[— 1] 5- B{Qs) ) is the required res- 
olution (UZl)- 

□ 
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Definition 7.4. (i) Given a flat family of admissible pairs (Qs^Ps) param- 
eterized by a scheme S of finite type over C, we define the relative monad 
B{Qs,ps) associated to {Qs,Ps) to be the three term complex of locally free 
Oys -modules (j7.7p . In order to keep the notation short, we will denote the 
terms of this complex by 

(7.21) ^ B^iiQs, Ps)^BoiQs, Ps)^Bi{Qs, Ps) ^ 0. 

(ii) Conversely, given a flat family of stable ADHM sheaves £$ on X with 
Eoo = Ox, lemma 112. 5\) implies that (ps = 0. Then the data {Es,^s,i,2,'^s) 
determines a complex B{£s) of the form (17. 7p . We will denote this complex 
by 

^ B.i{£s)^Bo{£s)^B,{£s) 



0. 



(7.22) 

Note that we have used the same symbols for the differentials in (j7.2ip . 
(j7.22p since the distinction will be clear from the context. 
For further reference, let 



(7.23) 



^ BU{£s)^B'o{£s)^B[i£s 







be the three term subcomplex ofB{£s) obtained by removing the direct sum- 
mand Oy^ in the degree term of (|7.7p and truncating as , ts accordingly. 
We will denote this complex by B'(£'5'). 

The following lemma proves that relative monad complexes are compat- 
ible with base change. This will be needed later in the proof of theorem 

dm]). 

Lemma 7.5. Let (Qs, Ps) be a flat family of admissible pairs parameterized 
by a scheme S of finite type over C, and let C{Qs,ps) be the complex ()7.6p . 
Let f : T ^ S be a base change morphism, with T of finite type over C, 



and let {Qt, Pt) 
diagrams 



{fvYiQsiPs)- Then we have the following commutative 



(7.24) 



/^-B(Q5) 

(0,0,e-us) 

f^Qs- 



f^^{Qs,Ps) 



B(Qt) 

(0,0,e?)T) 

— B(Qt,Pt) 

(0,lOi 

Qt 



,evT) 



fpCiQs,ps) 

where the top rows are canonical isomorphisms. 

Proof. Note that the Koszul resolution (17. 3p is compatible with base 
change i.e. 

IyxxY^As - ^At- 
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Then lemma ()A.ip implies that we have canonical morphisms of complexes 
(7.25) f^B{Qs) ^ B(Qt), fpB{Qs,ps) ^ B{Qt,pt). 

Using the flat base change formula [371 Prop. III. 9. 3] \36', Prop. II. 5. 12] for 
the diagram (j7.5p . we have established in the proof of lemma ()7.3p that all 
terms of the complexes /Cas ^YsXx^Ys P2sQs^ ^Ag "^YsXxgYs P2S^^s 
acyclic with respect to push-forward by pis '■ Ys>^Xs ~^ ^s- Then the base 
change theorem implies that the morphisms (I7.25P are isomorphisms. The 
evaluation maps are naturally compatible with base change, therefore the 
diagrams (17.241) follow. 

□ 

7.2. Admissible Pairs and ADHM Sheaves. Next we prove that there 
is a one-to-one correspondence between admissible pairs on Y and stable 
ADHM sheaves on X with E^o = Ox- We start with a preliminary lemma 
summarizing the relevant properties of the complexes B{£s), B'{£s) defined 
in fTil n). 

Lemma 7.6. Let X be a smooth projective curve over an infinite field k of 
characteristic 0, and let £ = (E, $1,2 ) ip) be a stable ADHM sheaf on X with 
Eoo = Ox- Then the following hold 

{i) a : B^i{£) Bo{£) is an injective morphism of Oy -modules and 

Coker((T) is a coherent torsion free Oy -module, 
{a) The middle cohomology sheaf iB' {£)) is trivial. 
{Hi) The morphism of Oy -modules r : Bq{£) Bi{£) is surjective on 

the complement of a codimension three closed subset ofY. 
{iv) The restriction a\Y^ : S_i(£')|y^ Bo{£)\y^ to an arbitrary fiber Yx, 

X (z X is an injective morphism of Oy^. -modules and Coker((T|y^) is 

a coherent torsion free Oy^ -module, 
{v) The middle cohomology sheaf Ti.^ {B' {£)\y^) is trivial for any point 

xeX. 

Proof. Suppose a : B^i{£) — > Bo{£) is not injective. Then Ker(cr) must 
be a nontrivial subsheaf of B-i{£) = Oy(— 2) (g)y 7r*{E ^x M12), which is 
a locally free Oy-module. Therefore Ker((T) has to be torsion-free, hence 
locally free outside a codimension two closed subset of Y. Let 1^ be the 
maximal open subset of Y so that Ker(c7)|y^ is a locally free Oy^-module. 
Since C y is an open embedding, we have Ker((T|y^) = Ker((T)|y^, there- 
fore Ker((T|y^) is a locally free Oy^-module as well, and we have a short 
exact sequence of Oy^ -modules 

^ Ker(a|yJ ^ Oy.(-2) 0y^ 7r*{E ^x ^ Coker(a|yJ ^ 0. 

in which the first two terms are locally free. Then the associated Tor^^"^ 
long exact sequence shows that 

Torf^- (Coker(a|yJ,Oj,) = 
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where Oy is the structure sheaf of any point y Y. This imphes that for 
any closed point x £ X, the induced map of fc(?/)-vector spaces 

a{y) : E{x) k{y) {E{x) E{x) k{x)) ^k{x) Hv) 

has a nontrivial kernel for any point y € H Y^.. However, as observed in 
the proof \53\ Lemma 2.7], for any x X, cr{y) may have a nontrivial kernel 
at most at finitely many closed points y G Y^. Hence a must be injective in 
order to avoid a contradiction. 

In order to prove that Coker(cj) is torsion free, note that Coker(cr)j^ is a 
free Oy^j^-module at all points y £ Y where a{y) is injective, according to 
lemma (|3.10p . Therefore Coker(cr) is locally free on the complement of a 
closed subset of codimension two. Let lvy be the dualizing sheaf of Y; since 
Y is smooth and projective ujy is locally free. The long exact fxty(_,u;y) 
sequence associated to the short exact sequence 

^ B^i{£)^Bo{£) Coker(a) ^ 

yields 

i?j;ty (Coker(cj), wy) = 

for all g > 2 since the first two terms are locally free. Moreover, the local 
ext sheaf iSxty (Coker(cr), wy) must be supported in codimension 2 since 
Coker((T) is locally free outside a codimension 2 closed subset. Then ^\ 
Prop. 1.1.10] implies that Coker(a) must be torsion free. This proves ^^i). 

In order to prove that the middle cohomology sheaf Tl^(B'{£)) is trivial, 
it suffices to prove that its stalk 7{^{'B'{£))y is trivial for any closed point 
y £ Y. This follows from a simple local computation. Given the explicit 
expressions of the differentials 

a' = *(-zo®vr*^>2+Z2, zom*'^i-zi), t' = {-ZQ®'n*^i+zi, -zq®'k*^2+Z2) 

where ^1,^2 satisfy (j7.8p . it follows that the complex B'(i5)y is exact in 
degree if at least one of the morphisms of Oy^j^-modules 

{ZQ®TT*^1- Zi)y, {zq®TT*^2- Z2)y 

is an isomorphism. Therefore liP{^'{£)) must be supported on the subset 
of Y where both endomorphisms fail to be isomorphisms, which is a codi- 
mension two condition on Y . However note that 'H^(R\£)) is a subsheaf of 
Coker((T'). Since the last component of a is trivial, we have 

Coker(c7) ~ Coker(CT') Oy, 

therefore Coker(cr') must be torsion free since Coker(cr) is torsion-free ac- 
cording to (j7.61 i). In conclusion the cohomology sheaf HP(R'[£)) must be 
trivial. 

For the next claim, note that Ty is surjective on stalks at a point y £Y \i 
and only if the induced linear map of k{y)-vector spaces 

T{y) : iE{x) E{x) k{x)) ^^ix) Hv) ^ E{x) k{y) 
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is surjective, where x = 7r(y). If T{y) fails to be surjective at some y € y, it 
follows that the dual map T{yY will fail to be injective. As observed in the 
proof of [531 Lemma 2.7], this implies the existence of a nontrivial proper 
linear subspace W C E{x) (^k{x) k{y) so that 

($i,2(x) ® hiy)){W) C W, lm{iP{x) hiy)) C W 

Recall that in lemma ()2.4p we have constructed a canonical destabilizing 
subsheaf Eq C E. Note that Eq(x) is a linear subspace of E(x) for a generic 
closed point x € X. Moreover, if a subspace C E{x) (Sik{x) f^iu) as 
above exists for such a generic closed point x € X,hy construction we have 
Eq{x) ^k{x) k{y) C W{x). Therefore rk(i?o) < i'k(£'), and Eq must be a 
proper subsheaf of in this case. In conclusion, r(y) must be surjective 
for any point y £ 1^, for generic x ^ X. This implies that there must exist 
a closed subset d X determined by £ so that r(y), hence also r^, is 
surjective for any y € 7r^^(X \ 5^:). 

Now suppose X G 5^:. The condition that r|y^ fail to be surjective is a 
codimension two condition along Y^- Therefore Ty may fail to be surjective 
at most along a codimension three locus in Y . Moreover, it is easy to check 
that T is surjective along Dc^, which is cut by = 0, hence the codimension 
three subset in question must be contained in y \ D^o ■ 

The proofs of (I7.6l it'). \lM v) are analogous to the proofs of ()7.6l i). (|7.6l zi) 
respectively, therefore will be omitted. 

□ 

Proposition 7.7. Let X he a smooth projective curve over an infinite field 
k of characteristic 0. Then there is a one-to-one correspondence between 
admissible pairs {Q,p) on X with ch2{Q) = dfi and x{Q) = O'l^'d stable 
ADHM sheaves £ on X with E^o = Ox and 

(7.26) r = d, e = n + d{g -I). 

Moreover, two admissible pairs {Q,p), {Q' , p') are isomorphic if and only if 
the corresponding ADHM sheaves £, £' are isomorphic. 

Proof. Given an admissible pair {Q,p) lemma (17. 3p provides a relative 
monad B((5, p). The data {E, ^1^2, ip) defines an ADHM sheaf £ with £"00 = 
Ox and = 0. 

We claim that the resulting ADHM sheaf £ must be stable. Suppose there 
exists a nontrivial saturated proper subsheaf E' CZ E so that 

(7.27) -^iiE' (g)x Mi) C E', Im(^) C E' 

for i = 1,2. Note that E' must be torsion free, hence locally free, on X 
and vk{E') < rk(S). Let ^ = ^i\E'»M„ i = 1,2 and let ip' : Ox ^ E' 
denote the factorization of ip through E' C E; note that lm{ijj') = Im('i/') as 
subsheaves of E' . Note that the sheaf inclusions (I7.27P yield the following 
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exact sequences of Ox-modules 

Torf ^-(Coker($:), a-) ^ Im(<I>:) ®x ^ E' ®x 

(7.28) „ 

Tor f^-(Coker(^'), O^) ^ Im(V^') Ox ^ ^' O. 

where Ox is the structure sheaf of an arbitrary closed point x G X. 

According to |40l Def. 1.1.4], any coherent Ox-module F admits a torsion 
sub-module Tq{F) so that the quotient F/Tq{F) is torsion free, hence locally 
free, on X. Then the long exact Tor*^^ sequence associated to the short 
exact sequence 

^ To(F) ^ F ^ F/niF) ^ 

implies that 

Torf-'^CF, Ox) ^ Tor^-^ToiF), O,.)- 

Therefore for any coherent Ox module F, Tor^^ {F,Ox) is trivial unless 
X £ X belongs to the support of Tq{F), which consists of finitely many 
points on X. 

Applying this argument to F = Coker(<I>-), Coker(?/^') in (j7.28p it follows 
that 

(7.29) lm{mx)) C E'{x) Im(V'(x)) C E'{x) 

for all except finitely many closed points x £ X. Now for each point y £Y, 
the morphism of Oy^y-modules Ty is surjective if and only if the linear map 
of fc(y)-vector spaces 

r(y) : {E{x) E{x) kix)) ^k{x) Hv) ^ E{x) %(^) k{y) 

is surjective. This is equivalent to the dual linear map T{yY being injective. 

However, as observed in the proof of lemma |531 Lemma 2.7], the existence 
of a proper nontrivial subspace E'[x) C E{x) satisfying conditions ()7.29p 
implies that T{yY will fail to be injective at finitely many closed points in 
Yx- In conclusion, the existence of a destabilizing subsheaf E' C E implies 
that T will fail to be surjective at finitely many closed points y & Yx for 
generic x £ X. 

Now, according to lemma (17. 3p the complex (|7.7p is quasi-isomorphic to 
the two term complex C{Q,p). Therefore Coker(r) ~ Coker(Oy— ^Q). 
This implies that the morphism r in (j7.7p must be surjective everywhere on 
Y except the support of Coker(Oy — ^Q), which is dimension zero by defi- 
nition. This contradicts the conclusion reached in the previous paragraph. 
Therefore a destabilizing proper subsheaf E' G E as above cannot exist. 

The relations (I7.26P follow by a straightforward Grothendieck-Riemann- 
Roch computation using lemma ()6.ip . 

Conversely, suppose we have a stable ADHM sheaf {E, ^1^2, "0) of type 
(r, e) = {d,n + d{g — 1)) with Eoo = Ox- According to (12. 5p we must 
have (p = 0. Then we construct the complex 'B{Ss) of the form according to 
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definition ()7.4[ ii). Note that we have a commutative diagram of Oy-modules 
with exact rows of the form 

^ Coker(f7') ^ Coker(fT) ^ Oy ^ 

Bi{£) ^ BiiS) 

where t',t are morphisms induced by t',t. Applying the snake lemma we 
obtain an exact sequence of Oy-modules of the form 

(7.30) ^ Ker(r') ^ Ker(r) ^ Oy ^ Coker(r') ^ Coker(r) ^ 

However lemma (|7.6I m) implies that Ker(T') = since the complex B'(i-) is 
exact in degree 0. Therefore it follows that 

Ker(r) ~ Ker(r)/Im((T) 

is a subsheaf of Oy- Moreover, it is easy to check that the morphism 

KeriT)/lm{a)\D^^Oy\D^ 

is an isomorphism. This implies that Ker(r) is a torsion-free rank one sheaf 
on Y with trivial determinant, therefore it must be the ideal sheaf of a closed 
subscheme Z CY. Moreover the support of Z is disjoint from -Doo- 

Set Q = Coker(r') and let p : Oy — > Q be the morphism obtained from 
()7.30p . Since Q is the only nontrivial cohomology sheaf of the complex 'B'{£), 
, a straightforward computation using the first relation in lemma (j6.ip yields 

(7.31) cho(Q) = 0, chi(Q) = 0, ch2(Q) = dp. 

Hence Q satisfies condition (Hi) of definition (j6.2p . Moreover, we claim that 
the morphism p is not identically zero. If it were trivial, we would obtain 
Coker(r') ~ Coker(r) from (j7.30p . However Coker(r) is zero dimensional 
according to lemma l\7.6H ii). which would contradict (|7.3ip . 

We also have to prove that Q is flat over X. Note that according to 
lemma ()7.6i f ) the restriction 

rV. :Coker(a')|y. -Si(f)k 

is injective for all x € X. Therefore Q = Coker(T') is fiat over X according 
to lemma (j3.10p . 

The relations (I7.26P follow again by a standard Grothendieck-Riemann- 
Roch computation using lemma ()6.ip . 

Finally, compatibility with isomorphisms follows from a routine verifica- 
tion. 

□ 
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7.3. Isomorphism of Moduli Spaces. In this section we prove theorem 
(jl.lip . We first prove that the relative Beilinson spectral sequence yields a 
T-equivariant isomorphism of algebraic spaces 

f : TlAdmiy, d, n) ~ TlADHMi^, d,n + d{g - 1)). 

According to lemma (17. 3p . a flat family of admissible pairs {Qs^Ps) Pa- 
rameterized by a scheme S of finite type over C determines an ADHM 
sheaf £s = iEs,^s,i,2,^,ips) on Xs- Es is a locally free Oxs-module, 
hence it is flat over S. Lemma (17. 5p and proposition (j7.7p imply that 
^s\xs is ^ stable ADHM sheaf for any point s & S. Moreover, lemma 
(|7.5p and proposition (j7.7p further imply that this correspondence is com- 
patible with isomorphisms and base change, therefore we obtain a functor 
f : TlAdmiY, d, n) ^ TlADHMi'^, d, n + d{g - 1)). 

Conversely, suppose £$ = iEs,^s,i,2, (ps^i^s) is a flat family of stable 
ADHM sheaves on X parameterized by 5. According to lemma (j2.5p . the 
restriction (pslxs must be trivial for each closed point s € 5. Therefore 
cl)s = 0. 

Consider the three-term complex 'B(£s) deflned in (j7.41 ii). The re- 
striction of 'B{£s) to each flber Kj, s € S is isomorphic to B{£s), where 
£s = £s\ys- Therefore lemma (j7.6U ) and lemma (|3.10p imply that as '■ 
B^i{£s) Bo{£s) is an injective morphism of Cy^-modules, and Coker((T5) 
is flat over S. The same holds for a'g : B'__i{£s) — > Bq{£s) by a similar 
argument. Let 

Ts ■ Coker(cr5) Bi{£s) 

be the morphism of Oyg-modules induced by r^. Then applying again (j7.61 t') 
and lemma (j3.10p it follows that Ker(r'5') = and Qs = Coker(r'5) is flat 
over S. Furthermore, since 

(7.32) Qsln - Coker(r'5|yJ 

proposition (|7.7p and lemma (j7.2p imply that Q5 is flat over Xs and 
cho(Q5|yJ = 0, chi(Q5|yJ = 0, ch2{Qs\Ys) = d(3, x{Qs\Ys)=n 
for any s £ S. 

Now, applying the snake lemma as in the proof of the inverse implication 
of proposition (j7.7p (above equation (j7.30p ) we obtain an exact sequence of 
Oyg -modules of the form 

(7.33) ^ Ker(r5) ^ Oys^Qs ^ Coker(r5) ^ 0. 

Using (j7.33p and the fact that tensor product is right exact, we have iso- 
morphisms of Oy^ -modules 

Coker(p5|yJ ~ Coker(p5)|y^ ~ Coker(rs')|y^ ~ Coker(T5|yJ ~ Coker(Ts'|yJ 

for any s G S. Then proposition (|7.7p implies that Cokev{ps\Y^) is a sheaf 
of pure dimension for any s £Y. Therefore we conclude that (Qs^Ps) is 
indeed a flat family of admissible pairs of type {d, n) parameterized by S. 
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It is again routine to check that this construction is compatible with 
isomorphisms and base change, therefore we obtain an inverse functor g : 
^adhm{'^ , d,n + d{g — l)) — > TlAdm{Y, d, n). By construction, the functors 
f, g are inverse to each other. Therefore we have proven that the two stacks 
are indeed isomorphic. It is also easy to check that the functors f, 5 are 
T-equi variant. 

7.4. Comparison of Tangent-Obstruction Theories. Next we prove 
that the perfect tangent-obstruction theories of the isomorphic moduli spaces 
Admix id^n), TlADHAii'^ , d,n + d{g — 1)), are compatible with the re- 
spect to the isomorphism f in the sense of definition |47l Def 4.1]. More 
precisely, let {ia ■ Sa — > TlAdm{Y,d,n)), a G A, be a finite cover of 
^AdmiX d,n) consisting of affine etale T-equivariant charts. Note that 
(f o to, : 5q, — TIadhm{'^ , d,n + d{g — 1)), a E A, is a similar cover of 
'^adhm['^ ,d,n + d{g — 1)). Let Qa = {Qa,Pa), respectively £a denote 
corresponding flat families of admissible pairs, respectively stable ADHM 
sheaves for all a € A. Then we will prove the following 

(/) For each a € A and any T-equivariant coherent -module /, there 
is a natural T-equivariant isomorphism of tangent-obstruction theo- 
ries associated to the data (Qq,,I), {£a,I). These isomorphisms are 
furthermore compatible with base change morphisms of the form 

fa ■ > Sqi. 

{II) There exist T-equivariant perfect tangent-obstruction data (F*), 
(E*) and T-equivariant quasi- isomorphisms 

of complexes of -modules so that 
(a) The induced isomorphisms in cohomology 

= 1,2 agree with the natural isomorphisms constructed at 
point (/) above for all q € A. 
(6) For k = 2, the isomorphisms 

determine a global isomorphism of obstruction sheaves, 
(c) Given any deformation situation Sa C S'^ C S'^ as in (j4.16p . 
the obstructions oba{Qa, S'^, S'^), oba{£a, S'^, S'^) agree i.e. 

n\qa){Is'^CS^K0ba{Qa,S'a,S';,)) = Oba{£a, S'^, S'^) 

for all a € A. 

Lemma 7.8. {i) let (Qs^Ps) be a flat family of admissible pairs parame- 
terized by an affine scheme S of finite type over C, and let I be a coherent 
Os -module. Then we have canonical isomorphisms 
(7.34) 

Sxt'^^^iCiQs, ps), C{Qs, Ps)(^Ysq*sI)o ^ Sxt^CiQs, Ps),C{Qs, Ps){-mYs 
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for any k £ Z, where qs ■ Ys ^ S is the natural projection. 

(ii) Given a base change morphism f : T ^ S, with T affine of finite type 
over C, a coherent Ox-niodule J and a morphism of OT-modules : f*I — > 
J, we have a commuting diagram 
(7.35) 

{C{Qs, Ps),C{Qs, Ps) ®Ys q*sI)o ~ f*£xt^qs (^(Qs, Ps), C{Qs, Ps){-1) ^Ys 



b'if,0 



£xt''g^{C{QT,PT),C{QT,PT) ®Yt qWh - £xt'^g^iC{QT,PT),C{QT,PT){-l) ®Yt 

where {Qt,Pt) = fyiQs^ Ps), o.^'d the vertical arrows are natural base 
change morphisms. 

(Hi) Under the assumptions of (i), (ii) above, suppose moreover that 
the base schemes S, T are equipped with torus T actions so that (Qs^Ps), 
{Qt,Pt), as well as I, J, f : T ^ S and ^ : f*I — > J are T-equivariant. 
Then the isomorphisms (I7.34p . as well as the base change diagrams (j7.35p 
are T-equivariant. 

Proof. According to lemma (j7.3p . the relative Beilinson monad B{Qs, ps) 
is a locally free resolution of C{Qs, ps)- Moreover we have shown in the proof 
of lemma (j7.3p that there is a canonical quasi-isomorphism 

iO,loy^,evs) : B{Qs,ps) ^ C{Qs,Ps)- 

Therefore we have canonical isomorphisms 
(7.36) 

£xt''g^{C{Qs,ps),C{Qs,Ps) ^Ys q*sI)o - £xt'^g^{B{Qs, ps),B{Qs, Ps) <^Yt q*sI)o 
Sxt\^{C{Qs,ps),C{Qs,ps){-l) ®Ys q*sl) ^ £xt\^{B{Qs,ps)MQs,Ps){-l) ®Ys q*sl) 

Next, since the complex B{Qs,ps) is locally free, the trace map yields a 

morphism of complexes of Oyg -modules 

(7.37) 





nomY,iBiQs,ps)MQs,Ps)i-i) (^ys q*si) — ^ q*sH-^) 



nomY,{B{Qs,ps)MQs,Ps) ®Ys q*si) ^q*si 

nomYs{B{Qs,ps)MQs,Ps) ^Ys qP) ®Ys — ^Ys (^{D^)s 
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A straightforward calculation shows that there is a canonical quasi-isomorphism 

and the bottom horizontal row of ()7.37p is a quasi-isomorphism of complexes 
as well. In order to keep the notation short we will denote by 7i{—l),7i, TCoo 
the terms in the left column of (17.370 . starting from the top. Then note that 
the diagram (17.37P yields a commutative diagram of O^-modules of the form 

(7.38) RL-*nWoo) ^'"'qsMl ^Ys O^D^)s) 

R-*9S*(tr(-l)) , 

, R'=(7s*(tr) , 
^'qs*{n) R'qsMI) 

" k 

in which the columns are exact and the horizontal morphisms of the form 
^''QS*{Qs^ ®1s ^{-Doo)s) isomorphisms. Furthermore we have qs = Ps ° 
ITS, where ps ■ Xs —>■ S, ns '■ Ys ^ Xs are the canonical projections. Then 
we have a Grothendieck spectral sequence 

R>5*R'vr5*(g^/(-l)) ^ R'"+'g5 * (qsH-l)). 

Since Qgl ~ '^sP*S-^i ^^'^ R'^5*C^ys(~l) = for all / G Z, the projec- 
tion formula for the flat morphism tts implies that all terms in the above 
Grothendieck spectral sequence vanish, therefore we have 

for all k G Z. Then applying the snake lemma to the commutative diagram 
(j7.38p . we obtain isomorphisms 

Ker(R'=g5,(tr)) ~ Ti''qs,nomYs{B{Qs, Ps)MQs, Ps){-1) O^s &) 

for all k gZ. Since ^{QstPs) is a locally free resolution of C{Qs, ps), this 
proves lemma (j7.81 z). 

Lemma (|7.81 ii) follows from lemma (j7.5p and lemma (jA.ip . The third 
part follows from the fact that all above calculations are also valid in the 
equivariant setting since T has trivial cohomology. 

□ 

Lemma 7.9. (i) Let {Qs^Ps); {Q's^P's) be flat families of admissible pairs 
parameterized by a scheme S of finite type over C. Let 8s, S'g be the cor- 
responding flat families of stable ADHM sheaves. Then we have canonical 
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isomorphisms 

(7.39) £xt'g^{C{Qs,Ps),C{Q's,p's) ^Ys q*sl) ^ B.''PsA£s,£'s^ I) 
for any A; S Z and for any coherent Os -module I, where qs '■ Ys ^ S is the 
projection morphism qs = Ps ° t^s ■ Ys ^ S and C{£s, ^) ^-^ complex 
defined in (|4.22p . 

{a) Under the assumptions of (i) above, let f : T ^ S be a base change 
morphism with T affine of finite type over C, J be a coherent OT-module, 
and ^ : /*/ —> J be a morphism of Or -modules. Let (Qt^Pt) = fyiQs^ Ps)^ 
{Q't^p't) ~ fyiQ's^ P's) '^'^^ £t,£t fl^^ families of stable ADHM 

sheaves corresponding to {Qt,Pt), (Q'tiP't) respectively. Then for any k G 
Z we have a commutative diagram of Ot -modules 
(7.40) 

f*£xt'^g^iC{Qs,Ps),CiQ's,p's)(^Ysq*sI) - f*R''ps*C{£s,£s^ I) 



£xt''„^{CiQT,PT),CiQ'T,p'T) 'S)Yt QtJ) 



cHf,0 



where the vertical arrows are natural morphism determined by (/, 0- 

{Hi) Under the assumptions of (i), (ii) above, suppose moreover that the 
base schemes S, T are equipped with torus T actions so that (Qs^Ps), 
(Q's^P's) ^^^^ as I,J, f : T ^ S and ^ : f*I — > J are T-equivariant. 
Then the isomorphisms (17.39p . as well as the base change diagrams (j7.40p 
are T-equivariant. 

Proof. We will use again the canonical quasi-isomorphism 

(0, loy^ , evs) : B{Qs, ps) ^ C{Qs, Ps) 

constructed in the proof of lemma ()7.3p . This yields canonical isomorphisms 



(7.41) 



£xt'^^{CiQs,ps),C{Q's,p's) ^Ys Qsl) ^ 

R''qs*iC{Q's,p's) ^Ys B{Qs,psy ^Ys q*sl) 



for all /c S Z. Next note that 

C{Q's,p's) ®ys qP = Cone( q*sl 
Therefore 



(7.42) 



C{Q's,p's) ^Ys B{Qs,ps)'' <»Ys q*sl 
I B{Qs,psY ®Ysq*sI 

Cone 



BiQs^psY' 

V B{Qs,psy (^YsQ's^YsqsI 



'ill 



-1] 



where 'B{Qs, psY is the complex obtained by flipping the sign of all differ- 
entials in 'B(Qs, psY ■ Here we are using the sign conventions of [201 Ch. 
1.3] as stated at the end of the introduction. 
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Using equation (17.71) and the projection formula for the flat morphism 
: — > Xs, it is straightforward to check that all terms in the complex 
(|7.42p are acyclic with respect to pushforward by tts- This implies that the 
Grothendieck spectral sequence for the composition qs = Ps ° ^5 collapses 
to an isomorphism 



(7.43) 



n^qs*iC{Q's,Ps) ^Ys B{Qs,psy ®Ys q*sl) ^ 
K''ps*7rs*{CiQ's,p's) (^Ys BiQs,psy ®ys q*sl) 



for each A; € Moreover, using (j7.42p we obtain 



(7.44) 



TTs*{'B{Qs,Psy (S)Ys C{Q's,p's) ®Ys &) 
( 

Cone 



T:s*B{Qs.Psy ®Ys(lV \ 

'rs.{-lB(Qg,ps)®P's®l5|/) 

V 7r5,B(Q5, psY ®Ys Q's ®Ys Q*sl I 



-1] 



Next, we claim there is a quasi-isomorphism of complexes of Ox 5 -modules 



(7.45) Oxs®nomxs{Es®Xs{M^2)s,P*sI)[-l]^^s.{'B{Qs,Psy®YsqsI) 

This will be proven by a direct computation. Note that using the projection 
formula for the flat morphism vr^ : — X5, it suffices to prove this claim 
for / = Os- B((55, psY is the following complex of locally free Oyg-modules 
(7.46) 



^ n*sE^s 



where 



TS = *(^5,0 © '^*S^S,1 - ZS,l,ZS,0 © '^*S^S,2 - ZS,2, -VT^Vs) 
C^S = (^5,0 © 7r5$5 2 - ZS,2, -ZS,0 © ■^*S^S,1 + ^S,1,0). 



We also have 

'^S*C>Ys = C>Xs 
7r5.0ys(l) = Oxs © {Mi)s © (Ms)^. 

7r5.0ys(2) = Oxs © {Mf^)s © {Mf)s © (^1)5 © {M2)s © (Mis). 
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Therefore, applying vr^* to the complex ()7.46p we obtain a complex of the 
form 

(7.47) (g)xs {{Ml 0x ^2-^)5 © (Aff 1 0x M2)s) © Oxs 

E^s © ®xs {{M{')s © (M2"')5) 
®E^ 0Xs {{Ml ®x ^2-^)5 © (Mf 1 ®x ^2)5) © E^ (^xs {M^2^)s 

with degrees —1, 0, 1 respectively. The computation of the morphism 7r5'*(cj^(— 1)) 
is straightforward, taking into account that tts*{zs,o) = '^s*{zs,i) = '^s*{zs,2) = 
1 by construction. In block form with respect to the above direct sum de- 
compositions, we obtain 

-^s.{r^) = * {Ie- , Ie-,-'^Ii, -^h, 0, 0, ^^s) 



/ 




Ie- 














° \ 







^5,1 










^5,2 







^5,2 










^5,1 






















^£;^iS)(Mi®A^2~^)s 








V 

















l£;^iX)(Mj"i|X)M2)s 











^5,2 










/ 



Note that there is a morphism of complexes from the two term complex 



Oxs^E^'s^Xs {M^2^)s 

with degrees 0, 1 to the complex (j7.47p given by the obvious inclusions 
in degrees 0, 1. Given the above explicit expression for the morphisms 
7r5^(cj^) a straightforward computation shows that this morphism is a quasi- 
isomorphism. Since Eg is a locally free Oxg-module, this proves the claim. 

In order to determine the right hand side of equation (j7.44p , we also need 
to compute t^s*{^{Qs^ PsY ®Ys Q's ^Xs 1s^)- Ag^-™) since all terms of 
this complex are acyclic with respect to vr^,,, the computation reduces to a 
term- by-term application of vr^^,. This is very similar to the derivation of 
the complex (17.19P in the proof of lemma (17. Sh . therefore the details will be 
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omitted. The final result is a complex of the form 
(7.48) 

HomxsiEs ®xs {Mi)s,E's) 0Xs P%I 

d' ® 
Q^nomxs{Es,E's) ®XsP*sI^ HomxsiEs ®Xs {M2)s, E's) ^Xs P*sl 

e 

Homxs {Oxs , E's) ^Xs P*sl 

^HomxsiEs ®xs {Mi2)s,E's) ®Xs P%I ^ 

with degrees —1,0, 1, where 

d'M) =(" ° "^5,1 - (^5,1 ® h) °{a® 

a o ^s,2 - {^'s,2 ® 1/) l(M2)s)>a ° 

4(/3l,/32,<5) = - /3i o {^s,2 ^ l(Afi)s) + (^5,2 ® 1/) ° ® l{M2)s)) 
+ /32 o ($5,1 (g) - (^'l ® ° (/52 ® l{Mi)s) 

for any local section a of HomxgiEs, Eg) <Sxs P*s^ local sections 

{Pi,f32,S) of 

HomxsiEs ^Xs {Mi)s, E'^) 

e 

nomx,{Es (dxs {M2)s, E's) (E)Xs P*sl 

e 

Tiomxs {Oxs,E'g) ®xs P*sl 

Taking into account the quasi-isomorphism (j7.45p and equation (j7.49p . it 
follows that the right hand side of equation (j7.44p is canonically quasi- 
isomorphic to the following complex of Ox^ -modules 
(7.50) 

HomxsiEs iMi)s, E's) <S)Xs P^I 

® 

TiomxsiEs, E's) ^xs P*sl ,„ UornxsiEs ®Xs (^2)5, E's) 0Xs P*sl 

0^ © ^ © 

P*sl HomxsiEs ®Xs {Mi2)s, Oxs) ®Xs P*sl 

© 

HomxsiOxs , E's) ®Xs P*sl 
^HomxsiEs ®Xs iMi2)s, E'g) <S)Xs P*sl ^ 

where 
(7.51) 

d"i{a) ={-a o ^s,i + {^'s,i ® 1/) ° (« 1(Mi)s)' 

-ao $5,2 + {^'s,2 1/) o (a ^ l(A^2)s)' -aoips + '4>'so "oo) 
d"2{(3l,f32,S) =f3i o ($5,2 ® l(Mi)s) - (^5,2 ® 1/) ° (A ® l(M2)s)) 

-P20 ($5,1, Hm2)s) + i^i ® 1/) ° ® \m^)s) + ii^'s ® 1/) ° 7 
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for any local sections {a, f3i, f3i,6) as above and any local sections 000,7 
of pgl, HomxgiEs (SDxs {Mi2)s,Oxs) ®Xs P*sl respectively. Taking into 
account that c/ys = 0,(j)'g = for families of stable ADHM sheaves with 
Eqo = Ox the complex (]7.50p is identical to the complex C{£s,£g, I) defined 

in ( Km ). 

The base change property follows again from the base change theorem 
and lemmas (I7.5P and (IA.1|) by a routine argument. Finally the above com- 
putation is valid without any modification for equivariant flat families since 
the torus T has trivial group cohomology. 

□ 



Lemma 7.10. Under the conditions of lemma { 7.9) we also have canonical 
isomorphisms 

(7.52) £xt''g^iC{Qs,Ps),CiQ's,p's){-l) <^Ys q*sl) ^ B.''ps*Ci£s,£sJ) 

for any A; G Z, where C{£s-,£'si^) complex defined in (14. 2p . Moreover, 

the isomorphisms (I7.52P satisfy compatibility conditions with base change 
and T -equivariant structure analogous to to l^7.S\ ii ), (l.Oiii ). 

Proof. The proof is very similar to the proof of lemma (j7.9p and will be 
omitted. 

□ 

Lemma 7.11. Consider a deformation situation of the form (j4.16p . Let 
{QstPs) be a fiat family of admissible pairs parameterized by an affine 
scheme S of finite type over C, and let {Qs'^Ps') be an extension to S' . 
Let £s, £s' respectively be the corresponding flat families of stable ADHM 
sheaves parameterized by S,S'. Then £s' is an extension of £3 to S' , and 
we have commutative diagrams of the form 
(7.53) 

Ext?.^ (C(Q5, Ps),C{Qs, ps)) ]H0(X5, C(£:5, £s)) 



s 



Extl.^{CiQs,Ps),C{Qs',Ps') ®ys Iscs') ^^M'^iXs,C{£s,£s',IscS')) 
(7.54) 

Ex.t\r^{C{Qs,Ps),C{Qs',Ps') <^Ys IscS')—-^M\Xs,C{£s,£s'JscS')) 



52 



92 



Exti.^{C{Qs,ps),C{Qs,ps) ^Ys Is'cs") ^m^{Xs,Ci£s,Is'cS")) 

where the horizontal arrows are induced by the isomorphisms (|7.52p . and the 
vertical arrows are coboundary morphisms. 

Moreover, these diagrams are compatible with base change and T -equivariant 
structure. 
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Proof. Using the isomorphisms ()7.4ip . the coboundary morphisms 6^, 5"^ 
are determined by the following exact sequences of Oy^ -modules 

^ C{Qs',ps') ®Ys B(Qs,ps)'' <^Ys Iscs' ^ C{Qs',ps') ®Ys B{Qs,ps)'' 

^ C{Qs, Ps) ^Ys BiQs,psy ^ 0. 
^ C{Qs,Ps) (^Ys B{Qs,psy ^Ys Is'cs" ^ C{Qs',Ps') ®ys B{Qs,Psy (Sys IscS" 
C{Qs', PS') (^Ys B(Qs, PsV ^Ys Iscs' 0. 



As observed in the proof of lemma (17. 9p all above complexes consist of 
acyclic terms with respect to push forward by vrs : I5 — > Xs- Therefore 
applying tts* to the above exact sequences we obtain the exact sequences of 
-modules 

^ C{8s,£s'JscS') ^ C{£s,Ss') ^ C{8s) ^ 

C{£s, Is'cs") C{£s,£s',lscs") C{£s,£s', IscS') 

Now the lemma ()7.1ip follows from the fact that there is an isomorphism of 
derived functors 

RFyg ~ Rr^ o R(75* ~ Rr^ o Kps* o K-ks* 

Compatibility with base change and equivariant structure follows again by 
analogy with lemma (|7.9p . 

□. 

Finally, we also have 

Lemma 7.12. Let {Qs,Ps) a flat family of admissible pairs on Y pa- 
rameterized by an affine scheme S of finite type over C and let £3 be 
the corresponding family of stable ADHM sheaves. Then there exist two- 
term complexes of coherent locally free Os-modules F* = [F^ Fg), 
E* = {El El) so that 

n\¥'s ®s /) - £xtl{C{Qs, ps), C{Qs, ps){-l) (^Ys I) 
H\n ®s I) - £xtl {C{Qs, ps), C{Qs, ps){-l)) ®5 / 

HHE's ®sI)^'Rbs*C{£s,I) 
H\E's ®s I) - R'ps*C(fs) ®s I 



(7.55) 



(7.56) 



for any coherent Os -module I, and a quasi-isomorphism q : F* ^ E* so 
that the q (8> 1/ induces the isomorphisms (j7.52p in cohomology, for k = 1,2. 

Moreover, if there is a T-action on S so that {Qs,Ps) is T -equivariant, 
we can choose the complexes F* = {Eg -^J); ^E* = {E^ — > E^) and the 
quasi-isomorphism q to be T -equivariant. 

Proof. Lemmas (|7.3p . (j7.10p imply that we have an isomorphism 

Hqs.miomYs iC{Qs, Ps), CiQs, Ps){-1)) - 

Kqs*{B{Qs,Ps) ®Ys B{Qs,ps)'^ <»Ys I) ^ Rps*C{£s,I) 
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in the derived category D (S), for any coherent Os-module /. In particular, 
there exist complexes of Os-modules F* , E* bounded above so that 

®s I) ^ £xtl {C{Qs, ps), C{Qs, ps){-l) (^Ys I) 
nH^s ®s I)^R''ps*C{£s,I) 

for k = 1,2, and a quasi-isomorphism q : F* — > E* which induces the 
isomorphisms (|7.52p . Then, employing the inductive construction of |37^ 
Lemma III. 12. 3], we obtain complexes F'* , E'* of coherent locally free Os- 
modules, bounded above, and a natural quasi-isomorphism q' : F'* E'* 
with the same properties. Moreover, using the same argument as in the proof 
of lemma (15. 3p . the complexes F'* , E'* can be simultaneously truncated to 
two-term complexes of coherent locally-free modules Fg, E5. The quasi- 
isomorphism q' also yields by truncation a quasi-isomorphism q : F5 ^ E^. 

All above considerations are valid without modification in the presence of 
a torus action. 

□ 

Now we can conclude the proof of theorem (II. lip . The tangent-obstruction 
theory of the moduli space of ADHM sheaves has been constructed in (jS.ip . 
(|5.2p . the relevant deformation theory results being proven in proposition 
(|4.5p . corollary (14. 7p and proposition (14. 9p . The tangent-obstruction theory 
of the moduli space of admissible pairs has been presented in the proof of 
theorem (|1.9p (see section ([6]).) Then statement (I) in section ()7.4p follows 
from lemmas dZj]), (mUD . (1711]) . Statements {I I. a) - {II.c) follow 

from lemmas ([710]) and ([7l2]) . 

□ 

Appendix A. Base Change Properties of Direct Images 

For completeness we summarize some standard results on functorial and 
base change properties of direct images which are used repeatedly in the 
main text. 

Lemma A.l. [i) Let 

p' p 
5' — 5 

be a commutative diagram of morphisms of Noetherian schemes over C, 
where p : Z ^ S is separated and of finite type. Let F* be a complex of 
quasi- coherent Ox modules. Then we have a natural morphism of quasi- 
coherent Os' -modules 

(A.l) c(n', F') : n'*RV*i^' ^ K''p',{v'* F*) 

for any A: G Z. 
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(ii) The morphism ()A.1|) is functorial in F' i.e. if ip : F' ^ G* is 

a morphism of complexes of quasi- coherent Oz-modules, there is a natural 
morphism of O s -modules 



(A.2) 

so that the diagram 



(A.3) 



u'*-R''p,F' w'*RVG' 



c{u',F') 



c[u',G') 



H p[, v F* R F*^ G 



is commutative for any A: G Z. {Hi) Let 



Z" 



Z' 



z 



p" p' 






0,' 



S" 



y ■ 



s 



he a commutative diagram of Noetherian schemes over C, where p : Z ^ 
S is separated and of finite type. Let F* he a complex of quasi- coherent 
Oz-modules. Then we have a commutative diagram of quasi- coherent Os"- 
modules 



(A.4) {u' o u"Y'R!'p^F* 



c{u'ou",F') 



u"*u'*n^p^F' 



Y&p'i{v' o v")*F' 
R''p':{v"*v'*F-) 



u"*-R''p'^{v'* F-) 

for any k £ Z. 

Proof. The proof follows from the construction of the morphism (jA.ip 
presented in [SH 7.2.2] or alternatively [371 Prop. III. 9. 3] (see (371 Rem. 
III. 9. 3.1].) In particular using Cech cohomology as in the proof of [371 Prop. 
III. 9. 3] it reduces to standard properties of modules over Noetherian rings. 
We will leave the details to the reader. 

□ 
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